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Abstract

This thesis presents the narrative of a particular journey towards discovering and de-
veloping Bayesian perspectives on conditional kernel mean embeddings. It is motivated
by the desire and need to learn flexible and richer representations of conditional distri-
butions for probabilistic inference in various contexts. While conditional kernel mean
embeddings are able to achieve such representations, it is unclear how their hyperparame-
ters can be learned for probabilistic inference in various settings. These hyperparameters
govern the space of possible representations, and critically influence the degree of infer-
ence accuracy. At its core, this thesis argues for the notion that Bayesian perspectives
lead to principled ways for formulating frameworks that provides a holistic treatment to
model, learning, and inference.

The story begins by emulating required properties of Bayesian frameworks via learn-
ing theoretic bounds. This is carried through the lens of a probabilistic multiclass set-
ting, resulting in the multiclass conditional embedding framework. Through establishing
convergence to multiclass probabilities and deriving learning theoretic and Rademacher
complexity bounds, the framework arrives at an expected risk bound whose realizations
exhibits desirable properties for hyperparameter learning such as the ever-crucial bal-
ance between data-fit error and model complexity, emulating marginal likelihoods. The
probabilistic nature of this bound enable batch learning for scalability, and the generality
of the model allow for various model architectures to be used and learned end-to-end.

The narrative unfolds into forming approximate Bayesian inference frameworks directly
for the likelihood-free Bayesian inference problem, leading to the kernel embedding
likelihood-free inference framework. The core motivator centers around the natural suit-
ability of conditional kernel mean embeddings to forming surrogate probabilistic models.
By leveraging the likelihood-free Bayesian inference problem structure, surrogate models
for both hyperparameter learning and posterior inference are developed.

Finally, the journey concludes with a Bayesian regression framework that aligns the
learning and inference to both the problem and the model. This begins by a careful
formulation of the conditional mean and the novel deconditional mean problem, thereby
revealing the novel deconditional mean embeddings as core elements of the wider kernel
mean embedding framework. They can further be established as a nonparametric Bayes’
rule with applications towards Bayesian inference. Crucially, by introducing the task
transformed regression problem, they can be extended to the novel task transformed
Gaussian processes as their Bayesian form, whose marginal likelihood can be used to
learn hyperparameters in various forms and contexts.

These perspectives and frameworks developed in this thesis shed light into creative ways
conditional kernel mean embeddings can be learned and applied in existing problem
domains, and further inspire elegant solutions in novel problem settings.
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Introduction

1.1 Motivations

Modern machine learning algorithms are often probabilistic in nature, relying on
statistical models for reasoning. In many practical scenarios, the probability dis-
tributions involved can be nontrivial and complex. This applies not only for dis-
tributions that are used to model stochasticity inherent in real world systems,
but also for those that are used to express uncertainty due to limited knowledge.
Consequently, they benefit from high complexity models that allow for rich repre-
sentations of the probability distributions involved.

In particular, relationships between variables of interests are often expressed as
conditional distributions. Due to the vastly intricate and complex ways variables
can interact in the real world, practical frameworks must be careful to not over-
simplify representations that describe the relevant conditional distributions.

Conditional kernel mean embeddings, also referred as conditional kernel means or
conditional mean embeddings (CMEs), are kernel models that encode conditional
distributions. More precisely, they encode conditional mean operations, mean-
ing that it can be used to compute expectations of functions under the encoded
conditional distribution. They are part of the kernel mean embedding (KME)
framework, which in general encodes distributions as mean operations via kernels.
As many types of inference problems can be expressed as expectations of functions
under distributions, this makes KMEs widely applicable to a variety of settings.

These embeddings live in the reproducing kernel Hilbert space (RKHS), and funda-
mental probability rules are translated into mean operations in this space. While
first class citizens of probabilistic rules are density evaluations, first class citizens of
RKHS rules are expectations. This makes KMEs extremely attractive in practical
scenarios where only samples from distributions of interest are available, such as

1



Introduction 2

observed datasets or simulated examples. Given a finite amount of samples, den-
sity estimation is a fundamentally harder problem than estimating expectations,
with the latter often amounting to simply taking empirical means. A primary rea-
son is due to the curse of dimensionality affecting the former more than the latter.
For instance, when the dimensionality of the problem increases by one, density
estimation needs to be re-performed to spread the probability mass across the
new dimension. If the number of samples stays constant, samples tend to appear
more distant and less space-filling compared to before. Consequently, in general
the number of samples required to achieve the same level of estimation quality
increases exponentially with dimensionality. On the other hand, estimating ex-
pectations often amount to simply including the new dimension when computing
the empirical means.

Mean embeddings operate with a philosophy similar to the kernel trick. The kernel
trick makes use of the observation that certain learning algorithms only require
dot products of features. Consequently, the trick involves computing those dot
products via kernels directly, instead of inefficiently computing high dimensional
features first before eventually computing dot products anyway. In a similar fash-
ion, since solutions to many inference problems require quantities that can be
expressed as expectations of functions, mean embeddings encode the necessary in-
formation required to compute expectations of functions directly, instead of com-
puting high dimensional integrals with respect to a distribution. Crucially, when
characteristic kernels are used, each distribution has a unique mean embedding.
Informally, this means that the ability to represent and compute expectations of
functions under the distribution is as useful as knowing the distribution itself.

Perhaps the most attractive aspect of the KME framework is that fundamental
RKHS operations that correspond to fundamental probabilistic rules are linear.
Combined with the fact that mean operations preserve linearity, the resulting em-
pirical forms can be expressed entirely in terms of linear algebraic operations. In
general, this means that the resulting algorithms become delightfully straightfor-
ward to implement.

The above considerations make KMEs and CMEs especially attractive for allevi-
ating intractable integrals under complex distributions that are usually required in
many probabilistic inference tasks. Consequently, CMEs permit the use of flexible
and complex conditional distributions by representing them in the RKHS, while
providing a principled framework to perform inference using those representations.

Nevertheless, there remain intricate problems that prevent the wide adoption of
CMEs in the machine learning community, despite their apparent aforementioned
advantages. This thesis is focused on formulating and developing solutions to these
intricate problems. We do this by providing new perspectives and frameworks
around CMEs using Bayesian principles.
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1.2 Challenges

Despite the powerful representations of probability distributions it provides, CMEs
face a number of challenges that prevent their ultimate potential to be fully lever-
aged. There remain several theoretical and practical challenges to overcome that
currently barricade their applicability to a wide variety of problem settings. In
particular, in this thesis we focus on the following challenges:

e Hyperparameter Learning: How can we learn hyperparameters for CMEs
with respect to the problem setting?

e Probabilistic Inference: How can we infer relevant probability distribu-
tions from CMEs in a given problem setting?

e Bayesian Computation: Are there alternative RKHS operators that en-
code Bayes’ rule? How are they related to established operators and models?

e Uncertainty Quantification: How can we use CMEs to quantify uncer-
tainties for latent phenomena or models based on CMEs themselves?

e Interpretability: Can we establish connections or design techniques that
help to interpret empirical artifacts of CME estimation?

e Scalability: How can we scale or find alternative ways to apply algorithms
that address the above challenges to large datasets?

These challenges motivate the core theme and contributions of this thesis. The
frameworks developed in all chapters focuses on addressing hyperparameter learn-
ing and probabilistic inference by leveraging Bayesian principles to various degrees,
which consequently provides methods to tackle the remaining challenges. Chap-
ter 3 addresses hyperparameter learning, probabilistic inference, and scalability.
Chapter 4 addresses hyperparameter learning, probabilistic inference, uncertainty
quantification, and interpretability. Chapter 5 addresses hyperparameter learning,
probabilistic inference, Bayesian computation, uncertainty quantification, inter-
pretability, and scalability.

1.2.1 Hyperparameter Learning

Perhaps the most important ingredient required for successful adoption and ap-
plication of CMEs is an appropriate hyperparameter learning algorithm that is
suitable for the probabilistic inference task involved. The hyperparameters gov-
ern the RKHS for which the feature representations lie within. Consequently, by
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developing a principled hyperparameter learning framework, we can learn these
appropriate representations for the inference task automatically. We therefore
also refer to this process as automatic representation learning.

Solutions to kernel methods are often highly dependent on the hyperparameters
chosen. They begin by positing a family of kernels, whose parameters become part
of their model hyperparameters, which may further include other hyperparameters
such as noise or regularization hyperparameters. Given a set of hyperparame-
ters, training is often performed by solving a convex or quadratic optimization
problem, such as in the case for support vector machines (SVMs) [Scholkopf and
Smola, 2002]. In other kernel models, the quadratic programming problem can
be solved analytically and expressed as solutions to a set of linear equations, such
as in the case for Gaussian process regressors (GPRs) [Rasmussen and Williams,
2006], regularized least squares classifiers (RLSCs) [Rifkin et al., 2003], and most
importantly CMEs. Consequently, hyperparameters govern their solution space.

Unfortunately, hyperparameter tuning is not straight forward. Often, cross valida-
tion [Song et al., 2013] or median length heuristics [Muandet et al., 2017] remain
as standard solutions. However, they are generic approaches that do not refer to
the probabilistic inference task directly. For instance, cross validation often uses
square losses in the RKHS such as (2.52), which may not necessarily be directly
relevant to the task. Furthermore, cross validation can be computationally expen-
sive and sensitive to the selection and number of validation sets. On the other
hand, median length heuristics only applies to hyperparameters with a length scale
interpretation, so it cannot be used to learn other hyperparameters such as regular-
ization hyperparameters. It also does not make use of the conditional relationship
between the two variables, but rather just their respective marginal distributions.
Overall, median length heuristics do not make use of important information that
CMEs have access to for hyperparameter selection.

One notable success story in this domain are Gaussian process regressors (GPRs)
[Rasmussen and Williams, 2006], which employ their marginal likelihood as an
objective for hyperparameter learning. The marginal likelihood arises from its
Bayesian formulation, and exhibits certain desirable properties — in particular, the
ability to automatically balance between data fit and model complexity. On the
other hand, CMEs are not necessarily Bayesian, and hence they do not benefit
from a natural marginal likelihood formulation, yet such a balance is critical when
generalizing the model beyond known examples. A core contribution of this thesis
is to develop or approximate Bayesian learning strategies for CMEs in order to
achieve this simple yet elegant method for hyperparameter learning.

Motivated by the log marginal likelihood objective for hyperparameter learning
of GPRs, Flaxman et al. [2016] developed a log marginal likelihood objective
for marginal mean embeddings. This is done by placing a GP prior on the true
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mean embedding itself, and constructing a Gaussian likelihood from the true mean
embedding to the empirical mean embedding. Similar to the GPR, with a GP prior
and a Gaussian likelihood, inference becomes tractable and a closed form solution
to the log marginal likelihood can be obtained up to a slight change of variable
factor. Nevertheless, it is not obvious how this can be extended to CMEs.

Furthermore, hyperparameter learning for CMEs can be comparatively more chal-
lenging than marginal mean embeddings. Firstly, there are two distinct kernels
on two spaces which play different roles, one for the “output” and one for the
“input”, as opposed to one overall kernel for marginal mean embeddings. Ef-
fects of changing hyperparameters for these two kernels can interact and affect
the CME in complex ways. Secondly, empirical CMEs have a regularization hy-
perparameter. While the regularization hyperparameter is introduced to prevent
overfitting [Song et al., 2009], as we can see from (2.49) it serves to prevent over-
fitting specifically with respect to the square loss in the RKHS by shrinking the
Hilbert-Schmidt (HS) norm of the conditional mean operators (CMOs). This is
not necessarily the shrinkage or regularization that is relevant depending on the
problem setting. Consequently, it may not be obvious how to interpret it or con-
struct objectives to learn it appropriately. Furthermore, empirically it serves to
stabilize the inversion of gram matrices, which are often only positive semidefi-
nite without the regularization hyperparameter. As a result, the inversion may
explode as the regularization hyperparameter decreases such that the matrix to be
inverted approaches singularity. This is another practical concern when learning
the regularization hyperparameter via optimization techniques.

In this thesis, we derive and develop algorithms to learn hyperparameters for CMEs
in three different contexts. Chapter 3 presents a learning theoretic approach to
motivate and construct a complexity balanced learning objective that emulate a
marginal likelihood in the probabilistic multiclass classification context, chapter 4
approximates a marginal likelihood surrogate for likelihood-free inference (LFT),
and chapter 5 formulates a marginal likelihood by establishing a Bayesian regres-
sion view.

1.2.2 Probabilistic Inference

Inferring probability distributions using KMEs can be a challenging task. In par-
ticular, this often involved the recovery of encoded distributions from their mean
embeddings, which is generally an unsolved problem. A core aspect of the KME
framework is to map distributions Px to its mean embedding puy and perform
inference solely in the RKHS via RKHS machinery and operations. While the
mapping from distributions to their mean embeddings is a simple kernel mean
and is injective for characteristic kernels, the reverse mapping do not have a read-
ily known solution. That is, it is not easy to recover the distribution Px that
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was embedded as a mean embedding px once it is embedded, even though this
mapping is one-to-one.

This is known as the pre-image problem, where the challenge is to find what
the distribution looked like (hence, image) before it was embedded as a mean
embedding (hence, pre).

Before discussing the pre-image problem further, it is worthwhile to point out that
a core part of the spirit of KMEs is to circumvent the need and requirement of ex-
plicitly working with distributions in the usual probability space, such as densities.
For instance, density estimation is much more prone to the curse of dimension-
ality than kernel mean estimation, since their convergence rates do not directly
involve the dimensionality of the samples as per theorem 2.7 and theorem 2.9,
since samples have been mapped into an infinite dimensional RKHS. As such, it
is seemingly counterproductive to seek pre-images from mean embeddings, since
if explicit probability distributions are required, then frameworks other than the
KME could be more suitable.

However, there exists scenarios where one would be nevertheless interested in the
pre-image of certain mean embeddings.

The first scenario is when marginal likelihoods is to be recovered for hyperparam-
eter learning. In section 1.2.1 we alluded to the idea that hyperparameter learning
of CMEs can potentially be achieved via formulating or emulating a marginal
likelihood objective. However, marginalization integrals involved for the marginal
likelihood is often hard to compute in the usual probability space. Yet, since
marginalization integrals are expectations, and KMEs encode expectations, it is
natural to consider using the KMEs framework to sidestep the difficult integral
and instead obtain the mean embedding of the marginal likelihood. Nevertheless,
suppose we are somehow able to derive the mean embedding of the marginal like-
lihood, we still need to recover the encoded marginal likelihood so that we can
optimize it with respect to the hyperparameters. In this thesis, chapter 4 presents
solutions to approximate marginal likelihoods from mean embeddings, and chap-
ter 5 formulates marginal likelihoods of the mean embeddings themselves.

The second scenario is when interpretable inference results are required. For in-
stance, in classification settings decision boundaries are often determined by de-
cision probabilities, and in Bayesian inference settings the posterior itself is of
interest to quantify uncertainty. Therefore, after the mean embeddings of these
distributions are obtained, it is of ultimate interest to convert them back to dis-
tributions, either in the form of probabilities, densities, or samples, so that these
results can be interpreted for use in their respective problem setting. In this thesis,
chapter 3 addresses the classification setting, and chapter 4 addresses the Bayesian
inference setting.
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In general, techniques to recover distributions from mean embeddings would en-
able a synergistic framework where RKKHS operations with mean embeddings and
probabilistic operations with distributions can be used in conjunction to take ad-
vantages from both worlds. Ideally, when inference requires intractable integrals
which are too difficult in the usual probability space, we can embed distributions
into the RKHS as mean embeddings, perform the equivalent RKHS operations,
and recover the distribution the resulting RKHS object encodes. Unfortunately,
this recovery of distributions from mean embeddings do not have a closed form
solution.

Furthermore, it is also possible that the pre-image may not even exist. While the
mapping from distributions to mean embeddings is injective, it is not necessarily
guaranteed to be surjective. This means that if one collects all the mean em-
beddings obtained from embedding all possible distributions, it still may not fill
up the whole RKHS. While this is not a problem for true mean embeddings, as
they have a pre-image by construction, it can become a problem once the mean
embedding undergo RKHS operations, effectively bringing the mean embedding
to another point in the RKHS, which may not correspond to any distribution.

As an intuitive illustration, consider the analogy where probability distributions
are akin to human individuals and their mean embeddings are akin to their gene.
All human individuals have unique gene profiles. However, not all genes belong to
humans, since some may belong to dogs, cats, or other species. That is, the space
of all possible genes is in some sense bigger than the space of all possible humans.

This problem is even more pronounced for empirical CMEs. Suppose a kernel was
chosen such that true CMEs always evaluate to nonnegative values. The empirical
CME may evaluate to negative values even if its true CME never evaluates to
negative values, due to the presence of a matrix inversion. This means that there
are no distributions in the space of distributions considered that would map to
such an empirical CMEs.

Current approaches to solve the pre-image problem usually begin by assuming a
particular form to the density of the pre-image. For instance, one can approx-
imate the pre-image with a mixture of Gaussians [McCalman et al., 2013] or a
mixture smoothing kernels [Kanagawa and Fukumizu, 2014] which are also of-
ten Gaussians. Nevertheless, recovering distributions from mean embeddings for
probabilistic inference remain a challenging problem in many problem settings.

In this thesis, we recover distributions from CMEs for probabilistic inference in
three different contexts. Chapter 3 recovers class decision probability estimates for
probabilistic multiclass classification, chapter 4 approximates surrogate densities
of likelihoods and posteriors for LFI, and chapter 5 reveals posterior predictive
processes by establishing a Bayesian regression view.
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1.2.3 Bayesian Computation

Bayesian inference often requires computation of the posterior Py|x when given
the likelihood Px|y and the prior Py. When density evaluations exist, the Bayes’

rule provides their relationship as py|x(-|z) = T ;’ ;':((;";)}; i((';) ;- We refer to this
y

computation as Bayesian computation.

Importantly, Bayesian inference and Bayesian computation are separate concepts.
Bayesian inference is focused on inferring distributions on latent or unknown vari-
ables of interest, thereby capturing a sense of uncertainty in our knowledge of
these variables. It often requires Bayesian computation using the Bayes’ rule to
obtain a posterior distribution of the latent or unknown variables given the ob-
served variables. Bayesian inference is a philosophy of approach. On the other
hand, Bayesian computation refers to the process of obtaining representations of
Py|x from representations of Pxy and Py, regardless of their meaning. If these
representations are densities or probabilities, then Bayes’ rule can be applied. The
Bayes’ rule is simply a mathematical statement that is true regardless of the nature
of the random variables. Note that these representations of distributions do not
have to be densities. For example, since mean embeddings are unique representa-
tions of distributions, should there be a rule that specifies the mean embedding of
Py|x as a function of the mean embeddings of Px|y and Py, then such a rule can
be used for Bayesian computation.

In this section, we discuss the application of KMEs towards Bayesian computation,
and defer the discussion of Bayesian inference specifically to the next section.

In Bayesian computation using the usual Bayes’ rule, several levels of intractabil-
ity may arise. The first is when both likelihood and prior density evaluations
are tractable but the evidence integral fy px|y(x|y)py (y)dy is intractable, lead-
ing to literatures such as variational inference (VI) [Blei et al., 2017] and Markov
chain Monte Carlo (MCMC) [Hastings, 1970]. The next is when only likelihood
evaluations are intractable but sampling is possible, leading to literatures such
as likelihood-free inference (LFI) and approximate Bayesian computation (ABC)
[Marin et al., 2012]. More rarely, only prior evaluations are intractable but avail-
able via sampling, leading to literatures in implicit priors. The last is when both
the likelihood and prior evaluations are intractable but available via sampling,
leading to newer literatures such as implicit generative models.

While there are many approaches that addresses posterior approximations in each
of these scenarios, the underlying limitation that is shared across all these settings
is that Bayes’ rule requires density evaluations that are difficult to approximate in
high dimensions from samples. Instead, if relationships between the posterior, like-
lihood, and prior can be captured without using density evaluations, but directly
by using mean embeddings, this issue could be more naturally sidestepped.
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The KME framework can be used to encode probability rules in the RKHS. Canon-
ical examples include the kernel sum rule, kernel chain rule, and kernel Bayes’ rule
(KBR), which encodes the sum rule, chain rule, and Bayes’ rule respectively [Fuku-
mizu et al., 2013, Muandet et al., 2017, Song et al., 2013]. We will collectively
refer to them as kernel distribution rules.

Kernel distribution rules provide an elegant set of machinery for performing proba-
bilistic inference without operating directly in the usual probability space, such as
using densities. They relate mean embeddings via linear operations in the RKHS,
instead of density evaluations via products and integrals. In particular, the KBR
is powerful in that it circumvents intractabilities such as marginalization integrals
that may occur in the computation of the posterior in the usual Bayes’ rule. The
usual Bayes’ rule takes a likelihood density and a prior density, and outputs a pos-
terior density. Analogously, the KBR takes a CMO encoding the likelihood and
a marginal mean embedding encoding the prior, and outputs a CMOs encoding
the posterior [Fukumizu et al., 2013]. Since its empirical form only requires sam-
ples from the distributions instead of a parametrized density, and its complexity
increases with the number of samples, we refer to this type of encoding of Bayes’
rule as a nonparametric Bayes’ rule.

Importantly, because a distribution can be encoded as mean embeddings of multi-
ple orders, there are different versions for these kernel distribution rules depending
on the order of the tensors used to encode particular distributions. In particular,
for KBR, there are two versions, which uses different ordered tensors for the like-
lihood and prior. Crucially, on top of this, they further use two different ordered
tensors for the likelihood and prior within each version. This can cause unnat-
ural consequences in the nonparametric version of the empirical KBRs, such as
having the effect of the prior mean embedding vanish as hyperparameters change.
Since the same probability rule can be encoded at multiple orders in the RKHS,
it remains an open question whether there are more natural alternatives for a
nonparametric Bayes’ rule, and what assumptions or consequences they bring.

In this thesis, chapter 5 establishes the proposed operator as a nonparametric
Bayes’ rule, and discusses its connections to KBR.

1.2.4 Uncertainty Quantification

Uncertainty quantification is a core aspect of Bayesian inference. There are two
settings in which uncertainty quantification is important to CMEs.

The first is when CMEs are used in approximate Bayesian inference problems.
This setting is concerned with approximating the posterior of a given inference
problem, such as the inference of parameters of a simulator model, which in turn
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provides a sense of uncertainty for the inference of such quantities. The second is
when uncertainty needs to be quantified on the CMEs themselves. This involves
establishing the task for which CMEs solve and quantifying the uncertainty on the
solution the CMEs provides. Importantly, this requires treating such a solution as
a latent function or object, and performing Bayesian inference on it.

The two settings are distinct. In the second setting, the Bayes’ rule acts between
observations and latents involved in the CME itself. In contrast, in the first setting
the Bayes’ rule acts between the observations and latents involved in the given in-
ference problem, where the CME serves to encode the distributions involved. In
essence, in the first setting the CME seen as a tool to perform Bayesian compu-
tation for Bayesian inference on another problem setting, whereas in the second
setting the CME is the object of interest that inference is performed on.

In this thesis, chapters 4 and 5 address the first and second settings respectively.

1.2.5 Scalability

Computational efficiency and scalability is always a pressing practical concern
that determines the usability of the framework. Many kernel methods like CMEs
require the inversion of a regularized gram matrix of size n x n, where n is the
number of data points. Consequently, the computational complexity is dominated
by O(n?) in time and O(n?) in space. This means that kernel approaches like CMEs
can become prohibitively expensive, especially compared to linear approaches in
the feature space, which often have linear time complexity of O(n).

In this thesis, chapter 3 addresses scalability by requiring only stochastic or batch
updates, while chapter 5 addresses scalability via theoretical connections to GPs.

1.2.6 Interpretability

A common theme throughout the discussion above is the difficulty in interpreting
aspects of the KME framework. Mean embeddings do not have the same level of
interpretability as usual probability distribution, which can be interpreted directly
with notions of frequency or uncertainty. Furthermore, empirical estimations of
CMEs often introduce artifacts that can impact interpretability such as regular-
ization hyperparameters for operator inversions or non-positive mean embeddings
despite the use of positive kernels.

In this thesis, chapter 4 addresses the interpretability of negatively valued CMEs
through surrogate densities and sampling strategies for recovering the desired dis-
tribution, while chapter 5 addresses the interpretability of the regularization hy-
perparameters via establishing alternative regression views to CMEs.
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1.3 Contributions

By exploring the theme of adopting Bayesian principles to overcome challenges
that barricade the applicability of CMEs, the core contributions of this thesis
involve holistic hyperparameter learning and probabilistic inference frameworks for
three general problem settings — classification (chapter 3), inference (chapter 4),
and regression (chapter 5).

Chapter 3 presents the multiclass conditional embedding (MCE) framework. Con-
trary to most classification frameworks whose formulation begins as a binary classi-
fication problem that is later extended to a multiclass form, the MCE is formulated
naturally as a probabilistic and multiclass classifier, by leveraging the generality of
CMEs (section 3.3). It further provides a multiclass information entropy measure
for quantifying the uncertainty in its predictions (section 3.4).

Importantly, the hyperparameter learning framework for MCEs are based on learn-
ing theoretic bounds, which reveal the Rademacher complexity bound (RCB) as
a data-dependent complexity measure for multiclass settings (section 3.5). To-
gether with a modified cross entropy loss, these learning theoretic bounds express
generalization risk and can be used to derive risk bounds as a function of hy-
perparameters, leading to learning objectives for balancing data fit error against
model complexity. Due to the generality and applicability of these bounds, by
realizing the bound using a subset of the data, we establish a scalable stochastic
batch gradient-based hyperparameter learning algorithm through stochastic batch
realizations of the learning theoretic bound (section 3.6).

In order to establish MCEs as approximations to probabilistic classifiers, we also
provide convergence guarantees (section 3.7). With the model output being ap-
proximate probabilistic predictions, we open up the realm of learning the MCEs
under the cross entropy loss. Critically, to arrive at the learning theoretic bounds
that would help prevent overfitting, bounds that are statements regarding a func-
tion class must be translated to statements regarding a particular function with
particular hyperparameters (section 3.8).

With its roots in CMEs, MCEs can benefit from using various different model
architectures as to form features and thus kernels. One notable and widely useful
instance is the conditional embedding network (CEN) and its variants, providing
a general family of MCEs formed from deep neural network architectures that
can be trained end-to-end under the scalable hyperparameter learning algorithm
(section 3.9).

Chapter 4 presents the kernel embedding likelihood-free inference (KELFT) frame-
work. Current likelihood-free inference (LFT) methods do not directly address the
calibration or learning of hyperparameters for the specific method, including the
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hyperparameter € that governs the trade-off between computational requirement
and inference accuracy. In contrast, the KELFI framework performs automatic
likelihood-free Bayesian inference, where the hyperparameter learning algorithm
directly addresses the inference task (section 4.3).

The KELFT framework can be understood via three parts - model, learning, and
inference. It begins with the kernel means likelihood (KML) as a consistent like-
lihood surrogate model that modularizes approximate likelihood evaluations from
simulation calls (section 4.3.2). The marginal kernel means likelihood (MKML)
then acts as a Bayesian learning objective for hyperparameters that improves in-
ference accuracy through optimal surrogate representations (section 4.3.3). The
kernel means posterior (KMP) then approximates the true posterior as a poste-
rior surrogate density for approximate Bayesian inference on simulator parameters,
which is then embedded back into the corresponding Hilbert space as kernel means
posterior embedding (KMPE) so that performing super-sampling would in a set of
fast-converging posterior samples of simulator parameters (section 4.3.4). Finally,
we provide proofs of convergence guarantees for kernel embedding likelihood-free
inference (KELFI) (section 4.4).

The KELFI framework is further extended by the formulation of the spatio-
temporal kernel means likelihood (ST-KML) and independent and identically dis-
tributed kernel means likelihood (iid-KML) as classes of KML that are suitable
for spatio-temporal data and iid data respectively, alleviating requirements of de-
signing summary statistics (sections 4.5 and 4.6). We also discuss a trick for
translating a LFT problem into one that involves a Gaussian prior, which enables
KELFT to use closed-formed solutions (section 4.7).

Chapter 5 presents the deconditional mean embedding (DME) and task trans-
formed Gaussian process (TTGP) framework. We first begin by emphasizing
CMEs directly as solutions to the conditional mean problem (section 5.3; proofs
in section 5.11). Starting from the lens of recovering functions from their condi-
tional means to complement CMEs in the KME framework, this work introduces
and formulates DMEs as a new fundamental member of the KME framework via
parallel formalization of the deconditional mean problem against the conditional
mean problem (section 5.4; proofs in section 5.12). We then move onto a regression
view of DMEs by establishing them as solutions to chained losses by introducing
the task transformed regression task, and present both the parametric and non-
parametric forms of the DME solution. We then introduce and formalize TTGPs,
and establish them as Bayesian regression views of the DME (section 5.5; proofs
in section 5.13). This reveals a marginal likelihood for learning hyperparameters
of DMEs and CMEs as a sub-case.

By considering the distributions encoded by DMEs, we establish that DMEs can
be seen as a nonparametric Bayes’ rule, encoding Bayes’ rule through samples
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without prescribing to any particular parametric form (section 5.6; proofs in sec-
tion 5.14). In particular, DMEs possess a natural second order form that makes
it distinct to kernel Bayes’ rule (KBR) which uses third order tensors that lead
to unstable empirical estimates (section 5.7). In various ways, DMEs complete
the framework of KMEs and have interesting relationships with techniques in the
literature (section 5.8).

Importantly, as a consequence of establishing a marginal likelihood of TTGPs for
the task transformed regression problem, they can also be used for sparse repre-
sentation learning via establishing the learning of inducing points as a sub-case of
this problem (section 5.9). On the other hand, as a consequence of establishing
DMEs as a nonparametric Bayes’ rule, DMEs can be used for likelihood-free in-
ference (LFI), opening up another avenue for kernel-based technique in this area
(section 5.9; proofs in section 5.15).

The rest of this thesis is structured as follows. Chapter 2 begins with an introduc-
tion to the framework of kernel mean embeddings (KMEs) with a specific focus
on conditional mean embeddings (CMEs). Chapters 3 to 5 presents our main
contributions above, and chapter 6 concludes the thesis with a summary of the
contributions, the overall theme, and a forward discussion on future work.



Background

The framework of kernel mean embeddings (KMEs) is concerned with representa-
tions and transformations of highly flexible and general probability distributions
in the context of performing probabilistic inference with these distributions. It
represents distributions in reproducing kernel Hilbert spaces (RKHSs) as mean
embeddings, where complex operations required for probabilistic inference become
linear in the RKHS. The central object from which the RKHS is founded upon
is the kernel, a symmetric function that measures the similarity between any two
objects. Empirical forms of these representations and operators are able to take
full advantage of kernel machinery, leading to a general nonparametric framework
for representing and transforming distributions directly with data. Consequently,
KMEs enable nonparametric expressions of probability distributions that alleviate
common intractability or inflexibility issues encountered in probabilistic inference.

In this section we review KMEs in a general fashion and introduce the necessary
background required for the core chapters of this thesis. In particular, we present
this review in a bottom-up fashion. We first introduce probability theory and
RKHSs in section 2.1 and section 2.2 separately. These form the foundations for
an introduction to mean embeddings and conditional mean embeddings (CMEs)
in section 2.3 and section 2.4 respectively. We then present their empirical and
nonparametric forms in section 2.5 and section 2.6 respectively.

Part of the contributions of this thesis involves either formulating KMEs in a
different or non-standard setting, or reformulating the framework from a different
perspective. Consequently, we will also briefly review CMEs again in a manner
that is more directly relevant for each core chapter, in order to introduce the setup
or formulation for that particular chapter.

14
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2.1 Probability Theory

Probability is at the heart of learning and inference. We begin with a minimal
review of probability theory with special attention to notation and shorthand.

Probability Space. We first introduce a probability space, which is a specific
type of a measure space. In the following paragraph, we use terminologies from
probability theory, and include the corresponding terminologies from measure the-
ory in brackets for reference.

Let the tuple (2, W,P) be a probability space (measure space), where {2 is the
sample space (set), W is a o-field (o-algebra) of subsets of 2, and P : W — [0, 1] a
probability measure (measure). An element W in W is called an event (measurable
set), which are by definition subsets of 2. An element w in {2 is called a sample
point (point).

In other words, the probability measure P assigns a probability between 0 and 1,
inclusive, for a given event W, where events are elements of the o-field W € W or
equivalently are subsets of the samples space W C €.

Random Variables. A random variable X is formally a map from the sample
space €2 to some Borel measurable domain X of interest.

Definition 2.1 (Random Variable). A measurable function X : Q@ — X for some
domain X is called a random variable.

When X is a space of scalars, we call X a scalar-valued random variable. When
X is a space of vectors, we call X a vector-valued random variable, or sometimes
a random vector, with d dimensions. We will formally define scalars and vectors
in the next section. When we develop frameworks for a general X', we will usually
denote the random variable as X, where it is left general for either or other cases.
When the vectorial nature of vector-valued random variable is to be emphasized,
we denote the random variable in bold as X. While random variables are formally
a mapping, they are so named to emphasize their interpretation as a variable that
can be instantiated to different value(s) under different events. An instantiation
of a random variable is denoted with a corresponding lower case letter x or x.

Distributions. A distribution describes the probability for which the random
variable will take on values from a particular subset of the domain.

Definition 2.2 (Distribution). Let (2, W, P) be a probability space. The distri-
bution of a random variable X : Q@ — X" is the Borel measure Px : A — [0, 1]
defined by

Px[A] :=P[X € A], (2.1)
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where A is a o-field of subsets on X and A C X is a subset of the domain. The
event {X € A} is a shorthand notation for the inverse image, also referred as the
pre-image, of A C X under the random variable X,

(XA =X"1A] ={weQ: X(w) € A} eW. (2.2)

The distribution is also a probability measure itself, as it satisfies the defining
properties of a probability measure, such that the tuple (X,.A,Px) is also a prob-
ability space. It differs from P in the sense that it operates in a different domain.
Instead of operating directly on the events, it operates on the values the random
variable takes for those events.

Cumulative Distribution Function. For real-valued random variables, we can
consider probability measures on the real line.

Definition 2.3 (Cumulative Distribution Function). The cumulative distribution
function (CDF) Px : R — [0,1] of a real-valued random variable X :  — R and
random vector X :  — R? is defined as

AR
For conciseness, we define the following shorthand,
{X <} :={X € (—o0,2]},
(X <x} = ﬁl{xj € (—o0,z,]} €W, (2.4)
(o0, = (o] x - x (=00,

Probability Density Function. For domains X where a Lebesgue measure is
defined, we can further consider densities of probability measures. Intuitively, the
Lebesgue measure provides a sense of volume for the domain, and probability mea-
sures attempt to measure the portion of mass distributed within a given volume
in that domain, giving rise to a notion of density throughout the domain.

Theorem 2.1 (Radon-Nikodym). If the distribution Px is absolutely continuous
with respect to some measure v on X = R%, then the Radon-Nikodym theorem
implies the existence of a density for Px with respect to v. We call this the distri-
bution density of X with respect to v, or more commonly known as the probability
density function (PDF), denoted by px : X — [0,00). The PDF is the function
that satisfies

P[X € A] :/del/ VACX. (2.5)
A
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If the distribution v is a Lebesgue measure vg on some Fuclidean space Ry, then
the PDF px : R? — [0, 00) is the function that satisfies the familiar form

P[X € A4] :/pxdud E/px(x)dx VA C R (2.6)

Importantly, CDF Py and PDF pyx are functions of x € X and their evaluations
are denoted as Px(x) and px(x) respectively. It is common practice that when it
is clear from context what random variable we are referring to, such as when the
point of evaluation z is the lower case letter of the random variable X, we can
drop the subscript and denote them as P(x) and p(z) respectively.

Function Expectations. For a random variable X : 2 — X and a function
f : X = R. The notation in probability theory and statistics for the expectation
of a function of a random variable would be E[f(X)], as if X is a variable and
not a function, while in measure theory the more precise notation is E[f o X], as
E is a functional of functions on the event space. In practice, E[f(X)] becomes a
shorthand for E[f o X], and thus the former is used more often.

Definition 2.4 (Function Expectation). Let f : X — R be some arbitrary real-
valued function over the domain X, then the function expectation is defined as

E[f(X)] ::/dePX:/Q(foX)dP —: E[f o X]. (2.7)

Since random variables X : Q2 — X are functions of events , we have that the
composition (f o X) : Q) — R assigns a real-value output to the events directly.

When the density exists with respect to the Lebesgue measure v; as per theo-
rem 2.1, then we can use the more common and familiar form for expectations,

ELFON) = [ foxdua= [ Fps(a)ds 2:8)

Functions and Functionals. While both measures and regular functions are
mappings, we make a distinction between mappings whose domain is a o-algebra,
such as measures, and mappings whose domain is not, such as regular functions.
This distinction is emphasized by the notation of how a measure v or a regular
function f takes its arguments. A measure takes its arguments with square brack-
ets, as in v[-]. A regular function takes its arguments with round brackets, as
in f(-). For functionals F, or mappings that take regular functions as an input,
square brackets are also used, such as F[-].
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Typical examples of measures are the probability measure P : W — [0, 1] on the
sample space §2 and the Lebesgue measure v, : Aga — [0, 00) on Euclidean space
R?, where Wy, and Ag« are o-algebras of subsets of their respective subscripts.

Typical examples of regular functions involve real-valued functions that act on a
domain f : X — R and random variables X : ) — X.

Typical examples of functionals are the expectation operator E that take in a
function or function composition whose domain is a o-field of subsets of the sample
space €. For example, it takes in a function that maps from  to R such as a
random variable, and outputs a real number in R. A Lebesgue integral | 5 “dv with
respect to a measure v on some set B is also a functional.

Indicator Measures and Functions. Another example of a measure is the
indicator measure 1 : W — {0,1}. We define 14(X) =140 X := 1[X € A] and
14(z) := 1]z € A]. The latter is the indicator function, and is a regular function
14: X — {0,1}, although it involves some abuse of notation since the shorthand
for z € Ais only defined if x is a random variable (and thus a mapping). Formally,
we define the indicator function as

La(z) = {[1) i Z jﬁ (2.9)

Probabilities of events W can be written as expectations of indicator measures
P[W] = E[1[W]] for all events W € W. For example, the CDF for a vector-valued
random variable X : 0 — R? is

Px(x) = P[X < x] = E[1[X < x]] = E[1(-o0x(X)]

= 100onsz/ 1(—oox]dP
g (e pa oeMTX (2.10)

(—OO,X]

Datasets. A dataset consisting of n observations of d-dimensional vector quanti-
ties is often denoted using an upper case, such as X. It is a matrix of size n x d
so that X € R™ 4. As such, we often write X = {xij}?;dmzl = {2}

ij—1, where
x;; is the j-th element of the i-th observation. We also denote each data point by

T
X; = {xij}?zl = {]Iil, . ,Iid} = [xﬂ ce xid} s (211)

for all € N,, := {1,...,n}, and thus

X={x} ={x1,....x} = [x1 - xn}T. (2.12)
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We use the notation {-} to stack components in the first axis. Consequently,
stacking d scalars would turn it into a R? vector (2.11), while stacking n R? vectors
will turn it into a R™? matrix (2.12).

Rather than denoting a set, the notation {a;}! , denotes a generalized array since
the stacking has a particular order determined by the enumerations specified from
its subscript and superscript. We also define an alternative notation for N,, :=
{1,...,n} = {i}*, with the shorthand [n] := {1,...,n} = {i},, denoting the
set of positive integers from 1 to the integer n in the subscript or bracket.

Unfortunately, the convention of using upper case letters for datasets clashes with
that of random variables. Therefore, we will often avoid this notation for datasets
and simply enumerate the dataset whenever possible such as by {x;}!,, even
though it may introduce extra clutter. When appropriate, alternative choices for
these notations will be made depending on the context.

2.2 Reproducing Kernel Hilbert Spaces

A reproducing kernel Hilbert space (RKHS) is space of functions whose properties,
such as smoothness or stationarity, are governed by its respective kernel. Part of
the beauty of RKHS theory is that functions can be treated and identified as
vectors, whose notions and properties are directly transferable and applicable.

To build this intuition, consider for instance an usual vector v = {vj}?zl whose
elements v; are indexed by j € Ny := {1,...,d}. While vectors are identified by
the collection of its elements, it can also be thought of as a function v : Ny — F
with v : j — v;, mapping an index j to its corresponding element v;. In particular,
the index positions of the vector view becomes the inputs of the function view. In
this sense, the usual view of a vector is simply a full enumeration of all possible
outputs of the function, indexed by the corresponding function inputs.

In the same way, a scalar-valued function f: X — F or f : z +— f(x) can also be
thought of as an usual vector by enumerating all of its possible function outputs
indexed by its corresponding function inputs {f(z)}.cx. If X is a finite set, say
X = {z;}]",, then the vector form is simply f = {f(z;)}>, € F™. However, if X
is a countably infinite set, say the set of all integers, or an uncountably infinite
set, say the set of real numbers or a general Euclidean space, then it may not be
immediately obvious if the vector view still stands as a valid concept, suggesting
a more formal characterization of this intuition.

The above discussion sheds light and connects two representations or views, as an
enumeration (vector) or a mapping (function), of the same particular object of
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interest. Rather than the specifics of their representations, however, formal math-
ematical objects are characterized by their properties and applicable operations.

This leads us to the notion of a wvector space V over a field F.

Definition 2.5 (Field and Vector Space). A field F is a set with two operations,
addition + and multiplication -, and has two special elements, 0 and 1, such that
for all a,b,c € F the field axioms hold,

a+bekF, (Closure under Addition)

a-beF, (Closure under Multiplication)

a+b=">b+a, (Commutativity of Addition)

(a+b)+c=a+ (b+c), (Associativity of Addition)

H0eF st. a+0=a, (Existence of Additive Identity)

d(—a) eF st. a+(—a)=0, (Existence of Additive Inverse)
a-b="b-a, (Commutativity of Multiplication)

(a-b)-c=a-(b-c), (Associativity of Multiplication)

JdleF st. l-a=a, (Existence of Multiplicative Identity)
a-(b+c)=a-b+a-c. (Distributivity)

A wvector space V over a field F, notated as a tuple (V,F), is a set which satisfies
the following properties for all vectors u,v,w € V in the vector space and for all
scalars a,b € F in the associated field,

(a+b)v =av+bv, (Distributivity of Superposed Scaling

(u+v)+w=u+ (v+w), (Associativity of Superposition)

u+v=uv+u, (Commutativity of Superposition)

eV st. v+0=nuv, (Existence of Zero Vector)

A(—v) eV st. v+ (—v) =0, (Existence of Opposite Vector)
JdleF st lv=uw, (Existence of Unit Scalar)

a(bv) = (ab)v, (Associativity of Scaling)

)

)

a(u+v) = au+ av. (Distributivity of Scaled Superposition

Typical example of a field include the set of real numbers R or the set of complex
numbers C. In this thesis, we will usually consider vectors spaces over real numbers
and real-valued functions.

From definition 2.5, we can see that both the space of usual vectors v € F¢ and
functions f : X — F satisfy properties of a vector space. In particular, for spaces



Background 21

of usual vectors such as V = F¢, they satisfy vector space properties in an element-
wise fashion. For spaces of functions such as V = {f|f : X — F}, they satisfy
vector space properties in a point-wise fashion.

Intuitively, just as adjacent elements of a vector have nothing to do with each
other and need not need to be close, functions values of “adjacent” input points
need not to be close either. Recall that index positions on an usual vector is akin
to inputs to an usual function. For example, for an usual vector v € F3, the values
of the first and second elements v; and vs need not be closer than that of the first
and third elements v; and vz, despite their index positions being closer. Similarly,
for a function f : X — R from a vector space of functions, the values f(z;) and
f(z2) need not be closer to the values f(x;) and f(x3), even if x; and x5 are
closer than x; and x3. After all, the space of functions can satisfy vector space
properties by merely satisfying them point-wise. Yet, this sense of “closeness” or
“continuity” is something we would often like to endow on the space of functions
we are considering. This is especially so when algorithms are to learn from a finite
set of examples, and good generalization often depend on a sense of “continuity”
of a function, where “close” inputs should result in “close” outputs.

The above consideration focuses on relationship between constituents — elements
for vectors or point evaluations for functions — of one particular member in the
vector space. Another important consideration is concerned with the overall struc-
ture of the vector space itself and how objects in that space relate to one another.
These considerations motivates the notion of distance metrics for a sense of “close-
ness”, norms for a sense of “size”, and inner products for a sense of “similarity” as
progressively desirable properties of a vector space, especially for vector space of
functions. These notions lead to the construction of metric spaces, normed spaces,
and inner product spaces respectively. It further motivates the notion of complete-
ness for a sense of “continuity”, intuitively describing spaces with no “punctures”
in it. These notions lead to the construction of complete metric spaces, Banach
spaces, and Hilbert spaces as completed versions of metric spaces, normed spaces,
and nner product spaces respectively.

We now formally introduce these notions.

Any pair of two objects in a set, including vector spaces, can be endowed with a
sense of “distance” through a metric or distance function in that space.
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Definition 2.6 (Metric Space). A metric space (X, d) is a non-empty set X with
a metric d : X x X — R that satisfies the following properties for all x,y, 2z € X,

d(z,y) >0, (Distance is Nonnegative)
d(z,y) =0 < x =y, (Distance Vanishes for Equal Elements)
d(z,y) =d(y,x), (Distance is Symmetric)
d(z,y) < d(z,z)+d(y, z). (Triangle Inequality)

To identify “punctures” in a set, we consider every sequence of objects that get
progressively closer and closer to each other as measured by a metric. If they all
eventually converge somewhere in the space and not outside the space, then we
can consider the set to be completely “filled” without any “punctures”.

Definition 2.7 (Cauchy Sequence). A sequence (z;), i € N, in a space X is said
to be Cauchy or fundamental with respect to a metric d if for any € > 0 there
exists n such that

d(z;,z;) <e Vi, j>n. (2.13)

Definition 2.8 (Complete Metric Space). A metric space (X,d) is said to be
complete if every Cauchy sequence in X with respect to d converges in X.

Vectors can be endowed with a sense of size or length through a norm operator.

Definition 2.9 (Normed Space). A norm on V is a real-valued function || - || :
Y — R satisfying the following properties for all u,v € V and a € F,

o] =0 <= v=0, (Zero Vector has Zero Norm)

|lv]| >0 <= v #0, (Non-Zero Vectors has Positive Norm)
lav]] = |al||v]|, (Norm of Scaled Vector is Scaled Norm of Vector)
|lu+ | < ul| + [|v]- (Triangle Inequality)

A normed space (V,F, || -||) is a vector space with a norm || - ||.

Definition 2.10 (Banach Space). A normed space (V,F, || - ||) is a Banach space
if (V,d) is a complete metric space with the distance function d : (u,v) — |Ju—wv||.

Often, for brevity we refer to Banach spaces (V,F, || - ||) by just V when it is clear
from context what the associate field F and norm || - || are. We also often notate
Banach spaces with B instead of V.

Any pair of two vectors can be endowed with a sense of similarity through an inner
product. This describes the geometry of the space by introducing the notions of
projections and angles.
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Definition 2.11 (Inner Product Space). An inner product on a vector space (V, F)
is a mapping (-, -) : V¥ xV — F satisfying the following properties for all u, v, w € V
and a,b € F,

(au + bv,w) = a{u,w) + b(b, w), (Linearity in First Argument)
(u,v) = (v,u), (Conjugate Symmetry)
(v,v) >0, (Positivity)
(v,v) =0 <= v=0. (Zero Vector)

An inner product space or a pre-Hilbert space (V,F,(-,-)) is a vector space (V,F)
with an inner product (-, -).

Definition 2.12 (Hilbert Space). An inner product space (V,F, (-, -)) is a Hilbert
space if (V,d) is a complete metric space with the distance function d : (u,v) —
|lu — v|| and the norm || - || : v — +/(v,v). That is, the metric d : V x ¥V — R is

d: (u,v) — /(u—v,u—0).

Often, for brevity we refer to Hilbert spaces (V,F, (-,-)) by just V when it is clear
from context what the associate field F and inner product (-, -) are. We also often
notate Hilbert spaces with H instead of V. We further notate inner products (-, -)
as (-, )5, when the associated Hilbert space H is to be emphasized or clarified.

We are now ready to introduce kernels. In this thesis, we use the following defini-
tion of a kernel.

Definition 2.13 (Kernel). A mapping k : X x X — F is kernel on domain X
if there exists a mapping ¢ : X — H such that k(z,2") = (¢(z), p(2")) for all
x,z" € X where (H,F,(-,-)) is a Hilbert space. The mapping ¢ is called a feature
map induced by k on the domain X.

In this thesis we primarily consider real-valued kernels, as opposed to kernels that
evaluates to a general field, such as complex-valued kernels, or those that evaluates
to a general tensor, such as vector-valued kernels. That is, we assume that F = R.
With the field always being the set of real-numbers, we no longer need to specify
the field and from now on simply say that a Hilbert space H is endowed with an
inner product (-,-),,. Since F = R, using the conjugate symmetry property from
definition 2.11 on definition 2.13 immediately shows that real-valued kernels must
be a symmetric functions of its two variables.

Kernels are functions of two variables that measure the similarity of its two inputs.
To do this, inputs x € X are represented as features ¢(z) € H in a feature space
‘H. By assuming that the feature space H is a Hilbert space, kernels use the
associated inner product to measure the notion of similarity in the sense that
higher (¢(z), #(2')),, means that  and 2’ are more similar.
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It is worthwhile to note that for a given kernel k : X x X — R, the feature map
¢ may not be unique. That is, there could be multiple feature maps ¢ for which
k(z,2") = (¢(x), p(2')),,. Polynomial kernels are typical examples of this. Con-
sider the case where x € X = R%. One can check that there are at least two feature
maps defined by ¢1(x) = [2? 23 ﬁmle]T and ¢o(x) = [22 2% 212, xgxl]T
that correspond to the same kernel k(x,x") = (¢1(x), $1(X')) = (p2(x), p2(x')) =
(z17))? + (z27h)? + 22, 2, w92}, where the inner products are the standard dot prod-
ucts in R® and R* respectively. Notice that in this example ¢, was constructed by
simply scaling the third feature of ¢, into ;x5 and repeating it as the third and
fourth feature of ¢ by making sure the features are scaled correctly to result in the
same kernel. With the same process, one could construct very high dimensional
features that still result in the same kernel.

Moreover, unlike the previous example, there are also kernels whose feature maps
are infinite dimensional. This includes the ubiquitous Gaussian kernel k(x,x’) =
exp (—3(x — x)TE 7 (x — x’)) and Matérn kernels.

In practice, when learning algorithms only make use of feature maps ¢(z) via
inner products (¢(x), #(2)),,, we can instead simply compute the inner product
directly using a kernel. This is known as the kernel trick. When the features are
high dimensional, this saves computational time and memory by simply computing
the inner product, which is a scalar, directly from inputs, instead of first computing
the high dimensional features from the inputs only to finally reduce them into the
inner product. More importantly, when the features are infinite dimensional, this
enables inner product computations to become tractable in the case where it was
otherwise infeasible.

Consequently, to “kernelize” a learning algorithm, a kernel instead of a feature
map is selected, designed, or learned, and the corresponding feature map and
feature space is only implicitly defined.

Since the feature map ¢ is specified only implicitly for a given kernel k and there
may be multiple feature maps induced by that kernel k, it may be natural to
question whether there exists a special feature map amongst them with convenient
properties for learning or representing functions, a fundamental task in machine
learning. After all, functions and vectors are simply two views of the object
characterized by being members of a vector space. If we restrict the vector space
to be a Hilbert space, we may be able to take advantage of the representational
power of kernels, since the induced feature map ¢ defines a feature space H that
is also a Hilbert space in which the function could reside in.

Let H be a Hilbert space of real-valued functions on domain X'. For a certain class
of kernels known as reproducing kernels, such a convenient feature map exists.
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Definition 2.14 (Reproducing Kernel). A kernel k : X x X — R is a reproducing
kernel of a Hilbert space H if and only if

k(x,-) e H  VrelX,

(k(z,-), [y = f(2) VreX VfeH. (2.14)

The latter criterion of which is also known as the reproducing property.

The dot notation - is a place-holder for an argument, so that the remaining object is
a function of that argument. For instance, k(z,-) : X — Ror k(x,-) : 2/ — Ek(x,2’).

Definition 2.15 (Reproducing Kernel Hilbert Space). A Hilbert space H is a
reproducing kernel Hilbert space (RKHS) if it has a reproducing kernel k.

When a Hilbert space H has a reproducing kernel, its evaluation functional ¢, :
H — R characterized by d,[f] = f(x) is simply 0, = (k(z,),"),,.

In particular, since k(x,-) € H, the kernel value between two points can be evalu-
ated as the inner product between the feature functions at those points,

(k(z,-), k(. ), = k(z,2"). (2.15)

The above property (2.15) motivates the choice ¢(x) = k(x,-) € H as the canonical
feature map when reproducing kernels of a Hilbert space exist, since it satisfies
the definition of a feature map as per definition 2.13.

Definition 2.16 (Canonical Feature Map). The canonical feature map ¢ of a
RKHS H with reproducing kernel k is obtained by partially applying its repro-
ducing kernel,

o(z) = k(z,-) € H. (2.16)

Since a reproducing kernel k£ determines a unique canonical feature map ¢ which
in turn defines the feature space H, we have that a reproducing kernel %k defines or
induces a canonical feature space H. We therefore say that the RKKHS is induced
by k and use the notation H, for the RKHS to emphasize this, and abbreviate the
associated inner product as (-, ), = (-, )

Importantly, the canonical features ¢(z) = k(x,-) form a set of basis for its RKHS.

Theorem 2.2 (Xu and Zhang [2009]). The RKHS Hy, induced by its reproducing
kernel k is the closure span of its canonical features,

Hy, = span{k(z,-) : x € X'}. (2.17)
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In particular, this means that linear combinations of canonical features are in the
RKHS, Y%, a;k(x;,-) € Hy, for a; € R, although not all functions in the RKHS
can be expressed in this form.

Usually, the kernel k is parametrized by a set of hyperparameters . Whenever it
is relevant or helpful to make this explicit, we include the hyperparameters as a
subscript kg. Note that while there are often multiple hyperparameters such that 6
is often a vector, we will often still use a non-bold 6 to emphasize and communicate
the generality that kernel hyperparameters can come in non-vectorial forms too.
In certain contexts where the symbol @ is already used for other concepts, we use
a for k, and 3 for £g.

2.3 Mean Embeddings

We now are ready to introduce mean embeddings, which are objects in the RKHS
that represent and encode probability distributions.

Let X : Q@ — X be a random variable taking values in X. Similarly, let Y : Q@ — )
be a random variable taking valuesin ). Let k : X x X — Rand {: )Y x)Y — Rbe
reproducing kernels defined on X and ) respectively (definition 2.14). Let ¢ and 1)
be canonical feature maps induced by k and ¢ respectively, where ¢(x) = k(z, -) and
Y(y) = £(y,-) (definition 2.16). Let f € H; and g € H, be real-valued functions
in the RKHSs Hy and H, induced by k and ¢ respectively (definition 2.15).

Definition 2.17 (Mean Embedding). The mean embedding of a distribution Py
(resp. Py) under a kernel k (resp. ¢) is defined as the expectation of the canonical
feature in its induced RKHS H, (resp. H,) with respect to said distribution,

px = E[p(X)] € Hy,

iy = E0(YV)] € Ho. (218)

We can alternatively emphasize that the mean embedding px = px(-) (resp.
py = py(+)) is a function on its respective domain px : X — R (resp. py : Y — R),

“XQ (2.19)

E[k(X7 )] S Hkv
py () :=E

[6(Y; )] € He

Since it is the expectation of the kernel with respect to one of its argument, it is
also called the kernel mean, or the kernel mean embedding (KME). Alternatively,



Background 27

if the integral exists, this definition is equivalent to

px(x) == E[k(X,z)] = /Xk(-,x)dPX,

(2.20)

) 1= EY.p)] = [ Ky
The dot notation - is a place-holder for an argument. In equation (2.18) it empha-
sizes that the mean embedding px(-) : X — R (resp. puy(:) : Y — R) is a function
in the RKHS. In equation (2.20) the place holder in equation (2.19) is filled with
a specific evaluation x € X’ (resp. y € V). Note that the dot notation - in equa-
tion (2.20) is for a different argument than equation (2.19), as this argument is to
be integrated out in the Bochner integral written out above.

In some literature, to make explicit of the fact that the mean embedding is an
embedding of a distribution measure P, the mean embedding is instead denoted
by pp,. Nevertheless, since a random variable X and its distribution Px are
specified together, either notation is equally informative.

When densities exist as per theorem 2.1, then mean embeddings can be written as
i = ERCX ) = [ Ko, s (a)da,

Hy ‘= /€y7 pY

Importantly, mean embeddings equation (2.18) do not rely on the existence of den-

(2.21)

sities. In this sense, mean embeddings can be applied in general settings where
quantities of interest can be expressed as expectations, alleviating the need for per-
forming often intractable integrals with respect to densities. A canonical example
include finding expectations of functions under these encoded distributions.

Theorem 2.3 (Function Expectation). The expectation of a function f € Hy
(resp. g € He) of a random variable X (resp. Y ) with distribution Px (resp. Py)
can be evaluated as the inner product between the corresponding mean embedding
and the function,

(rx. 1), = ELF(X)), -
(v, 9), = Elg(Y)].
Proof. Consider the inner product,
(nx, [y = (Elo(X)], [ (definition 2.17)
(O(X), )] (bilinearity of (-,-) and linearity of E[-])

X)) (definition 2.14)
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The remaining equation in (2.22) follows by a parallel derivation. O

We call the kernel characteristic if the mapping from probability measures Px
(resp. Py) to their mean embeddings px (resp. py) in the associated RKHS Hy,
(resp. Hy) is injective. In this sense, the mean embedding is said to encode or
represent the corresponding distribution in the RKHS, since distributions can be
characterized by its mean embedding. Intuitively, having the ability to compute
expectations of any function in the RKHS under the distribution of interest, as
well as knowing the kernel inducing the RKHS, is as informative and useful as
knowing the distribution itself.

The characteristic property of kernels is heavily interlinked to the notions of uni-
versality and positive definiteness, although implications between them vary de-
pending on the class of kernels chosen [Sriperumbudur et al., 2011]. Loosely,
universality is concerned with whether the RKHS induced by the kernel in consid-
eration is rich enough to approximate any target function arbitrarily well, while
positive definiteness enables desirable properties such as symmetry and invertibil-
ity of operators. In this thesis, we will often assume and employ kernel classes
that have all these properties.

2.4 Conditional Mean Embeddings

We now introduce conditional mean embeddings (CMEs), which are objects in
the RKHS that represent and encode conditional probability distributions. By
definition, they are a type of mean embedding whose encoded distribution is con-
ditional, rather than marginal. As such, results that pertain to mean embeddings
hold directly for CMEs. When we want to emphasize our discussions specifically
on mean embeddings that encode marginal distributions, as opposed to conditional
distributions, then we use the terminology marginal mean embeddings.

Given that CMEs are a type of mean embeddings, what interesting properties do
they have that we could not obtain by viewing them simply as a type of mean
embedding? After all, the mean embedding of Py is ux, so the mean embedding
of Px|y—y is px|)y—y, and we simply call this the CME.

Frameworks based on the CME become interesting in the case when the condi-
tioned variable is seen also as a variable of interest, as opposed to fixed. This
includes instances where instead of having one particular distribution Pxy—,, we
have a family of distributions Pxy := {Px|y—y}yey indexed by the conditioned
variable. In other words, we consider distributions conditioned across a family of
events, and not just a single event. Another interesting instance is when the con-
ditioned variable itself also has a distribution Py specified completely separately
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or independently from the family of conditional distributions Px/y, describing the
distribution of the family of events being conditioned.

Consequently, it is very helpful and constructive to form operator views of CMEs.
In this view, instead of seeing them as mean embeddings of conditional distri-
butions, they can be further decomposed into components formed from mean
embeddings of marginal distributions only, where these mean embeddings can be
seen as higher order operators. This is analogous to the way conditional densities
can be decomposed into components formed from only marginal densities such as
pxpy(zly) = pxv(z,y)/py(x). In fact, these analogies can be made formal to ex-
press probability rules in the RKHS with such operators, and is a key motivation
and element of the KME framework.

In this section, we will review CMEs in a fashion that is faithful to the manner
they are presented in the literature [Muandet et al., 2017, Song et al., 2013, 2009].
Importantly, in each subsequent chapter, we will briefly review CMEs again within
the context of their problem setting. This is because our contributions begin by
carefully formulating perspectives to the problem setting such that CMEs become
their natural solutions. In particular, chapter 5 will reformulate CMEs slightly,
using a different set of definitions which result in an equivalent set of properties for
the CME. This slight reformulation would motivate insights that are important to
the development and contributions presented in chapter 5.

We begin with an introduction to cross-covariance operators and operator nota-
tions in general, especially for operators formed from second-order tensors.

Definition 2.18 (Tensor Products as Operators). Suppose a € H; and b € Ha.
Applying the tensor product (a ® b) € H; ® Hs on ¢ € Hy results in an element
in H; defined by

(a®b)c:=alb,c),, = (b,c)y,a € Hi. (2.23)

Definition 2.19 (Inner Products of Tensor Products). Suppose a,c € H; and
b,d € Hs. The inner product of the two tensor products are defined to be the
product of the corresponding component inner products,

(a®@b,c®d)yy o, = (aC)qy, (b )y, - (2.24)

We will refer to the order of the tensor product by the number of vectors, in
the Hilbert space sense, that is used to form the tensor product. For instance,
a®b®c®d would be a fourth order tensor. When only second-order tensors
are involved, tensors act analogously to usual matrices and vectors in the general
Hilbert space sense act as usual vectors. Consequently, when only second-order
tensors are involved and the Hilbert spaces involved are clear from context, we
use the slight abuse of notation ab” = a ® b and b’c¢ = (b,c),,. This becomes
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helpful for writing linear combinations of tensor products succinctly using matrix
notation, which will be appear when empirical estimates are introduced.

Definition 2.20 (Uncentered Cross-Covariance Operators). The uncentered cross-
covariance operators, or cross-covariance operators for short, are second-order
mean embeddings,

Cxx = E[¢(X) ® ¢(X)] € Hy @ Ha,
Cxy = E[p(X)@y(Y)] € Hp @ Hy, (2.25)
Cyx == E(Y) ® ¢(X)] € He ® Hy,
Cyy =E[(Y)@9¢(Y)] € He @ Hy.

Since ¢(z) = k(z,-) and ¥ (y) := £(y, -) as per definition 2.16, we can alternatively
emphasize that the uncentered cross-covariance operators are functions of two
variables on the tensor products of two domains,

Cxx () = E[k(X,") ® k(X, )] € Hy ® Hy,

Cxy () = Ek(X, ) @ (Y, ")] € Hi ® He, (2.26)
Cyx(,) = E[l(Y,) @ k(X,")] € He @ Hy,

Cyy () ==E[(Y,) @ £(Y,")] € He ® Hs.

Alternatively, this definition is equivalent to
Crox(2,2') = E[E(X, 2)k(X, 2')] = / k(- 2)k(-, ') dP .
X
Co(a,9) == ERCE DY) = [ ko)t )Py
i (2.27)
Crx(ysz) = EY. KX, )] = [ 6 g)kC,a)dPyx
YxX

Cyy(y,y) = E[L(Y, LY, y)] = /yﬁ(wy)f(',y’)dpy.

In the above, the placeholders - are integrated out under the probability mea-
sure. When densities exist as per theorem 2.1, then uncentered cross-covariance
operators can be written as

caﬂ»)—ﬂHX)MX)-i/ (e, Jpx (),
Cixy () = E[R(X ‘// Yoy, Ypcy (, y)dyd,
Cry () = E[(Y, U/ /" (v, Yk, py x (9, 2) dody

awmo:wawmanzéa%w@»m@My

(2.28)
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In the above, placeholders - are left open for evaluation. For instance, evaluating
Cxy gives Cxy (2, y') := E[R(X, ) (Y, )] = [ [} k(@ 2)(y,y )pxy (v, y)dydz.
While pxy # pyx since pxy(a,b) # pyx(a,b), we have that pxy(a,b) = pyx(b,a)
so that pxy(z,y) = pyx(y,z). Here # denotes “is not necessarily equal to”.

Since cross-covariance operators are simply second-order mean embeddings, we
also occasionally notate them as as mean embedding such as puxxy = Cxx and
uxy = Cxy. Nevertheless, they are most useful when viewed as operators.

Lemma 2.1. Cxy € H;, ® H, can be identified as the operator Cxy : He — Hy
where for all g € H,,
Cxyg =E[g(Y)o(X)] € Hy. (2.29)

Proof. The result follows from treating C'xy as an operator under definition 2.18,

Cxyg = E[o(X) @ (Y)]g (definition 2.20)
=E[(¢(X) @ ¥(Y))g] (linearity of E[-])

= E[o(X){¥(Y), 9)/] (definition 2.18)

— E[¢(Y)s(X)]. (definition 2.14)

O

Corollary 2.1. Consequently, Cxy : Hy — Hi encodes the uncentered cross-
covariance between any pair of functions f € Hy and g € H,,

(Cxvg, )y, = E[f(X)g(Y)]. (2.30)

Proof. The result follows from direct application of the inner product,

(Cxvg, )y, = Elg(V)o(X)], f)y (lemma 2.1)
= Elg(Y)(¢(X), /)] (bilinearity of (-, ))
=E[f(X)g(Y)]. (definition 2.14)

]

Lemma 2.2. Alternatively, since Cxy € Hj @ Hy, the inner product of Cxy and
an outer product of functions f ® g € Hp ® Hy result in the same uncentered
cross-covariance,

(Cxv, [ © 9o = ELF(X)g(V)], (2.31)

where (-, ) g, 18 shorthand for (), oo, .
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Proof. The result follows from definition 2.19 of inner products on tensor products,

(Cxv, [ © 9)rge = (E[O(X) @YY, f @ g) s (definition 2.20)
= E[(0(X) @ v(Y), f © 9) 1] (bilinearity of (-, -))

= E[{o(X), /)i (0(Y), 9),] (definition 2.19)
=E[f(X)g(Y)]. (definition 2.14)

O]

Together, corollary 2.1 and lemma 2.2 reveal multiple ways the cross-covariance
operator C'xy encodes the cross-covariance of functions,

(Cxvg, [, = (Cxv, f ® 9)pee = (Cyx f,9),

(2.32)
= E[f(X)g(Y)].

where the second equality is obtained through symmetry. In particular, corol-
lary 2.1 provides the view that cross-covariance operators are operators from one
space to the other, while lemma 2.2 presents the view that they are mean embed-
dings in the joint or tensor space.

Nevertheless, there are relationships that cross-covariance operators provide that
are only evident in the operator view. This is the case where we move our focus
to functions formed through expectations.

Theorem 2.4 (Fukumizu et al. [2009]). Define f in relation to g as follows and
assume [ € Hy,
f=Eg(Y)|X =] € H. (2.33)

Then, the following result hold,

Cxxf =Cxvg. (2.34)

Further, if the inverse of the operator C'xx exists, then we have that

[ = Elg(Y)IX = ] = CxkCxv. (2.35)
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Proof. The result follows from treating C'x x as an operator under definition 2.18,

Cxxf = E[¢(X) ® ¢(X)]f (definition 2.20)
= E[(¢(X) ® ¢(X))f] (linearity of E[-])
= E[¢(X){o(X), )] (definition 2.18)
= E[o(X) f(X)] (definition 2.14)
= E[p(X)E[g(Y)|X]] (equation (2.33))
= E[E[¢(X)g(Y)|X]] (X is given)
= E[p(X)g(Y)] (tower property)
= Cxvg. (lemma 2.1)

If the inverse of the operator Cxx exists, then we can write the following,

Cxxf = Cxvyyg, (equation (2.34))
f=CxxCxvy, (Cx exists)

E[g(Y)|X =] = Ox4Cxyg. (equation (2.33))
[

As a function in H; which contains real-valued functions on X, the evaluation of
[ Elg(V)|X = on zis f(x) = E[g(Y)|X = z].

Definition 2.21 (Conditional Mean Embedding). The conditional mean embed-
ding (CME) of a conditional distribution Py|x—, (resp. Px|y—,) under a kernel
¢ (resp. k) is defined as the expectation of the canonical feature in its induced
RKHS Hy (resp. Hj) with respect to said distribution,

Wy | X=x ‘= EW}(Y”X = [E],

(2.36)
UX|y=y = E[p(X)]Y =y].

We can alternatively emphasize that the CME py|x—p = piy|x=2(") (resp. pixjy—y =
Px|y=y(-)) is a function on its respective domain fiy|x—, : J — R (resp. pix|y—y :
X —R),
fy|x=2(+) = E[((Y, )| X = ],
fx|y=y(+) = E[k(X, )Y =y].

Since it is the conditional expectation of the kernel with respect to one of its

(2.37)

argument, it is also called the conditional kernel mean, or the conditional kernel
mean embedding. Alternatively, this definition is equivalent to

pyx=2(y) == E[((Y,y)| X = 2] = / (-, y)dPy | x =z,
Y (2.38)
,uX|y:y(a:) = E[k(X, :C)‘Y = y] = /Xk(',x')dp)qy:y.
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When densities exist as per theorem 2.1, then CMEs can be written as

pvixs = BV )X =) = [ty pvix ey,
y (2.39)
pxyy—y = E[R(X, )Y =y] = /Xk(l‘, Opxpy (zly)de.

Theorem 2.5 (Function Conditional Expectation). The conditional expectation
of a function can be evaluated as the inner product between the corresponding CME
and the function, which can also be obtained by applying cross-covariance operators
to the function and then evaluating that function,

(11229, = EgY)IX = 2] = (CkCxv) o), 010
(xiy—y: ) = ELF(XOY = y] = (CyyCyx ().
Proof. The proof follows from the reproducing property and theorem 2.4.
(fivix—e: 9) = (ERH(YV)IX = 2], ) (definition 2.21)
=E[(¥(Y), 9)| X = 7] (bilinearity of (-, -))
=E[g(Y)|X = z] (definition 2.14)
= (E[g(Y)|X = ])(2) (notation: f = f())
= (Cx4Cxvg)(z). (theorem 2.4)
0

Definition 2.22 (Conditional Mean Operator). The conditional mean operator
(CMO) Cyjx is defined by the operator that maps the canonical feature of the
conditioned variable to the conditional mean embedding,

fy|x=2 = Cy|xo(z). (2.41)

Theorem 2.6 (Conditional Mean Operator). Assuming CyY ewists, the condi-
tional mean operator Cy|x can be expressed in terms of cross-covariance operators,

Cyix = CyxCxk. (2.42)

Proof. The proof relies on the tower property E[E[A|B]] = E[A]. Importantly,
E[A|B] is a random variable with its distribution determined by B. We use the no-
tation p1y|x in a similar manner, which describes a random variable w — 1y x—x(w)
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TABLE 2.1: Mean embeddings and their encoded expectations. Switch X < Y
for all combinations. Since the bottom two rows do not apply for the first
column, additional equivalences for the last column are provided instead. Let
9,9 € Hy and f € H;. be generic example functions in their respective RKHSs.

Random Y (YY) (X,Y) XY =y
Variable Q=Y Q=Y x)Y N> x)Y Q- X
Density Dy €Py pyy € Pyxy pxy € Pxxy DPxjy=y € Px
Function pv(y) €ERT pyyv(y,y) €R" pxy(z,y) €RT pxy—y(z) €RT
Mean Map Hy ‘= MHyy = Uxy ‘= UX|y=y =
Definition  E[(Y,)]  E[L(Y,) @ ((Y,)] E[R(X,) @ ((Y,)] E[K(X, ")V =]
Mean Iy € He pyy € Hu pxy € Hie Mx|y=y € Hi
Embedding py(y) €R pyy(y,y) €R pxv(z,y)  €R pxyoy(z) €R
Encoded (v 9)e vy, 9 @ ghese  (txy, [ ® 9 ree (x)y=y, f)k
Expectation =E[g(Y)] =E[g(YV)g(Y) =E[f(X)g(Y)] =E[f(X)]Y =y]
Operator CxyCyy Cyy = lyy Cxy = pxy Cxyl(y,-) =
Deﬁnition = CXY (ny) C (ny)T == CYX ,ux‘y:y
Encoded fTCxy = (9", Cyyg)e (f, Cxyg)r (CX|Y)Tf =9-=
Expectation  ¢"Cyy  =E[g(Y)g(Y)] =E[f(X)9(Y)]  E[f(X)Y =]

taking values in ‘H,. With such a slight abuse of notation, we arrive at the result,

CYX =

EY(Y) ® ¢(X)]
E[E[
E[E[y
Elpy)x ® ¢(X)]
=E[(Cyx9(X)) ®
ElCyx(o(X) ®

CyxE[p(X) @ ¢(X

Therefore, if Oy exists, then (2.42) holds.

(Y) ® o(X)|X]]
(V)[X] @ ¢(X)]

¢(X)]
¢(X))]
)]

(definition 2.20)
(tower property)
(X is given)
(definition 2.21)
(definition 2.22)
(associativity)
(linearity of E[-])
(definition 2.20)

]

Table 2.1 review mean embeddings and operators with their encoded expectations.

2.5 Empirical Mean Embeddings

In practice, the actual probability distributions of interest are not available in
closed form. Instead, independent and identically distributed (7id) samples from

such probability distributions are available. Suppose that marginal samples {x;}!,
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and {y; }I_, are observed and collected in an 4id fashion from the marginal distribu-
tions Px and Py . It is possible to represent marginal mean embeddings empirically
such that in the limit of infinite data, the empirical representations would converge
to the true representations at an appropriate rate. Most significant, however, is
the fact that important results for the relationships between mean embeddings
also hold for their empirical counterparts.

Definition 2.23 (Empirical Mean Embedding). The empirical mean embedding
of an empirical distribution Py (resp. Py ) described by a set of #id samples
{z;}7_ (resp. {y;},) from Px (resp. Py) under a kernel k (resp. ¢) is defined by
the empirical mean of the canonical feature in its induced RKHS Hy, (resp. Hy)
with respect to said distribution,

1>
[j’X = ﬁqu(xl)a
i=1

Lo (2.43)
fry = gZWﬁ)

Since they are simply defined to be empirical means of RKHS vectors, their con-
vergence properties are analogous to empirical means of usual vectors.

Theorem 2.7 (Song et al. [2009]). Empirical mean embeddings jix € Hy (resp.
fy € Hy) converges to their true mean embeddings px € Hy, (resp. py € Hy) in
its respective RKHS norm at a rate of Op(n_%).

Empirical estimates for function expectations can thus be expressed as inner prod-
ucts with empirical mean embeddings.

Theorem 2.8 (Empirical Function Expectation). The empirical mean of a func-
tion f € Hy, (resp. g € Hy) over samples {z;}, (resp. {y;}?_,) from distribution
Px (resp. Py) can be evaluated as the inner product between the corresponding
empirical mean embedding and the function,

<ﬂX7f>k = %Zf<xl)>
' = (2.44)
<ﬂy,9>e = n Zg(yz)
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Proof. Consider the inner product,

(i, F = (), (definition 2.23)
=1
= % y (P(z2), [y (bilinearity of (-, -))
i=1
= % zil f(zi). (definition 2.14)
0

In particular, it is worthwhile to note that the result that £ >" | f(z;) is an
empirical estimate to E[f(X)] can be shown even without using the fact that f is
not in the RKHS Hj, meaning that the RKHS is consistent with standard results,
and merely provides a way for encoding these operations or results as effectively
infinite dimensional operators or embeddings.

2.6 Empirical Conditional Mean Embeddings

We now present important results for empirical CMEs. To do so, we will introduce
convenient notations so that results can be expressed more succinctly.

Similar to marginal mean embeddings, CMEs can also be represented empirically
through finite samples. While we can construct empirical CMEs by forming them
from #d samples from a conditional distribution Px|y—, for a fixed y € VY, in
practice it can be impractical to obtain enough samples for each conditional dis-
tribution corresponding to each different y € ). In practice, a more common
scenario involves collecting joint samples {x;,y;}"; in an iid fashion from some
joint distribution Pxy. This means that only one sample of X, being x;, is sampled
from Px|y—,,. Unless y; = y; for some pair of i # j € N,,, we do not benefit from
having multiple samples of X at each Y as information regarding the conditional
distribution. Importantly, we are only interested in Pxy, and not Py, even though
Pxy contains information for both. The beauty of empirical CMEs is reflected in
its ability to encode the empirical mean embedding of the conditional distribution
Px|y=y from samples {x;,y;}7_, of the joint distribution Pxy directly, regardless
of the marginal distribution Py that was involved.

Nevertheless, as we only have joint samples {x;, y;}"; from the joint distribution
Pxy instead of sets of samples from conditional distributions, empirical estima-
tions for CMEs cannot be obtained from a simple empirical mean. Instead, we
decompose the conditional mean operator into cross-covariance operators, which
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are second-order mean embeddings, and use joint or marginal samples to empiri-
cally estimate those operators.

Definition 2.24 (Empirical Uncentered Cross-Covariance Operators). The em-
pirical uncentered cross-covariance operator of an empirical distribution Pyy de-
scribed by a set of iid samples {z;, y;}; from Pyy under the kernels & and ¢ is
defined by the empirical mean of the tensor products of the canonical features in
their induced RKHSs H; and H, with respect to said distribution,

. 1 —
Cxx = - Z () @ (w5),
i1

Cxy = % Z P(z:) @ V(yi),

) — (2.45)

Cyx = - Z V(yi) @ ¢(x:),
i—1

Cyy = %le(%) ® p(yi)-
1=1

Since the conditional mean operator can be decomposed into cross-covariance op-
erators as per theorem 2.6, we can define the empirical conditional mean operator
by replacing the corresponding cross-covariance operators by their empirical esti-
mates as per definition 2.24.

Definition 2.25 (Empirical Conditional Mean Operator). Motivated by theo-
rem 2.6, the empirical CMO is defined by

éy|X = éyx(éxx —+ )\I)il. (246)

where A is a regularization hyperparameter and [ is the identity operator.

Definition 2.26 (Empirical Conditional Mean Embedding). Motivated by defi-
nition 2.22, the empirical CME conditioned on x € X" is defined by

fiyix—s = Cy|x$(x). (2.47)

Due to the reproducing property in H,, the evaluation of the empirical CME at
y € Y is thus

fivix=2(y) = ¥(y)" Cyix (). (2.48)
The regularization hyperparameter A is introduced to relax the operator inversion

[Song et al., 2009]. Tts value is to be decayed accordingly as n increases in order
for the empirical CME to converge to the true CME.

Theorem 2.9. Empirical CMEs [iy|x—, € H; converge to their true CMEs jiy|x—, €
H, in its respective RKHS norm at a rate O,((nA)~2 + A2).
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Consequently, if A decays at O(n"2), then the CME converges at Op(n_i). Im-
portantly, like empirical marginal mean embedding, it is worthwhile to note that
the convergence rate of empirical CMEs do not depend on the dimensionality of
the random variables involved explicitly. This is because each sample z € X
and y € ) have been mapped into infinite dimensional features k(z,-) € H; and
((y,-) € Hy. Consequently, kernel mean estimation do not suffer from the curse of
dimensionality as much as methods that operate directly in the usual probability
space, such as density estimation.

In practice, the regularization hyperparameter avoids numerical singularity errors,
as well as serves to prevent underfitting. However, the exact form of inverse regu-
larization remains to be justified. Furthermore, the methodology for determining
the appropriate value of A remains to be established. Insights towards these issues
can be gained by viewing the empirical CMO the solution to a function-valued
regularized least squares regression problem in the RKHS [Griinewilder et al.,
2012],

Cyx = argmin & 3 ) = Chai By + MICls. (249
CHp—H, T i—1
where || - ||gs denotes the HS norm. This provides a regression view to empirical

CMOs, and explains that the regularization hyperparameter serves to shrink the
size of the empirical CMO with respect to its HS norm. However, this regres-
sion objective may not correspond to the learning or inference task in particular
settings.

Note that the optimization is over the space of operators from H; to H, for fixed
kernels k£ and ¢ and fixed regularization hyperparameter A\. We can write this
result to make the dependence on the hyperparameters explicit,

~N(a,B A
Oy = argmin —} N1s(yi, ) = Chalai, )z, + MOy, - (250)
C:Hp—H, T i1 B

We now append the superscript (T') to emphasize that the data the solution of the
empirical CMO is trained on is called the training set,

(1)

?77 1 T T
CEeM ™ = argmin T)§j||ea ) = Cha(@™, )3, + MICIs, - (2:51)
C:Hp—H, T B

To select hyperparameters, we cannot minimize the above regularized least squares
objective on the training data further over the hyperparameters. Since the empir-
ical CMO is already the optimal solution over the space of operators, if we further
minimize this objective over the hyperparameters, this can result in hyperparam-
eters that lead to empirical CMOs that have a low value for the objective only on
the training set. In other words, we run the risk of overfitting. Consequently, we
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instead minimize the regularized least squares objective with the trained empirical
CMO (definition 2.25) over a validation set denoted by the superscript (V') [Song
et al., 2013,

(")

Olﬁ,, \%4 aﬁvy
LV (a, ,)) = Zueﬁ L) =C Y Ok (2 B, +MCE Y P s

(2.52)
To compute the final cross validation objective, shuffle the folds as per standard
procedure for training and validation sets and average the validation objectives.

7ﬂ7A)

Note that the regularization term )\HC’Y || mg is still 1ncluded even though it

appears to trivially vanish when A = 0 because the CMO CYO“)? M) als0 depends
on A and the overall objective may not be minimized at A = 0.

While this hyperparameter learning strategy can be applied in any general setting,
it has two major problems. The first and more straightforward problem is that
it can be computationally heavy to evaluate the cross validation objective and its
gradients, if required for optimization, at each optimization iteration. The second
and less defined problem is that such a regularized square loss in the RKKHS is not
necessarily always the most appropriate loss to use for hyperparameter learning in
many learning and inference settings. That is, hyperparameters learned this way
may not necessarily be optimal for the task. As such, hyperparameter learning of
CMEs in different settings still remain as a challenging problem.

Since the empirical CMO can be expressed entirely as linear operations, with con-
stituents formed by linear combinations of canonical features in the RKHS, they
only require inner products of features rather than features themselves. Conse-
quently, we can employ the kernel trick and write their nonparametric form. To do
this, however, it is useful to introduce and borrow notations from standard matrix
algebra so that derivations can be written more succinctly.

As RKHSs are vector spaces, we make use of the notion that functions can be seen
as vectors. Consequently, we informally borrow the notion of dimensionality and
set it as the cardinality of the its domain. For example, if the domain X = R? is
the d dimensional euclidean space whose cardinality is uncountably infinite, then
the feature function can be viewed as an uncountably infinite dimensional feature
vector, indexed by the elements of X = R%.

For the purpose of building intuition using analogy, in the following discussion we
will informally refer to the cardinality of X as ||X||, and similarly the cardinality
of Y as [|)||, despite their cardinality often being uncountably infinite. With
the observations {z;,y;}, sampled from Pxy, there are n feature vectors for
each RKHS, {¢(z;)}1, for Hy and {¢(y;)}7, for H,. As elements within their
respective RKHS, gzﬁ(xz) has an effective dimension of ||X|| x 1 and ¥(y;) has an
effective dimension of ||| x 1. Since this can be said about the feature functions,
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which form the basis for the RKHS as per theorem 2.2, this also applies to general
functions within the RKHS. As such, an alternative notation for the inner product
between functions fi, fo € Hy, is

(fi, fa) = Fi fo- (2.53)

It can be conceptually helpful to informally check that f{ is of size 1 x | X|| and
fo is of size || X|| x 1 so that the result is a scalar of size 1 x 1.

Similarly, an alternative notation for second-order tensor products between func-
tions f1, fo € Hy is
f®f=ff;. (2.54)

Recall that a matrix A := [al an} € R™" a; ¢ R*Vi € N, operated on a
vector v € R? results in a vector that is the linear combination of the columns of
A with coefficients given by the components of v,

1 n
Av = [al an} s = Zviai. (2.55)
i=1

Un,

Similarly, a feature matrix can be defined in the same way such that empiri-
cal representations of KMEs can be reduced down to linear algebraic operations.
However, instead of d, the dimensionality of each vector becomes informally the
cardinality of the domain.

Definition 2.27 (Feature Matrix). A feature matrix is formed by stacking the
corresponding feature vectors horizontally, where each feature vector represents a
column of that matrix,

= [p(x1) - Plxa)] (2.56)
Vo= [o(m) - Py

Informally, ® has effective size ||X|| x n and ¥ has effective size || V|| x n.

Often, kernel methods require kernel evaluations between all pairs of data samples.
These values are stored in a gram matrix.

Definition 2.28 (Kernel Gram Matrix). The gram matrix K (resp. L) of a kernel
k (resp. £) for some dataset {x;}!"; (resp. {y;}1,) is the matrix of all paired kernel
evaluations between the samples,

K = {k(zs, 2) 12 o1, (2.57)
L= {0(yi, y5) 1y j=1-
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When a new sample is to be compared to the set of data samples, such as a new
query point, we also require kernel evaluations between the new sample and data
samples. These values are stored in a gram vector.

Definition 2.29 (Kernel Gram Vector). The gram vector k(z) (resp. £(y)) of a
kernel k (resp. ¢) evaluated on some sample x € X (resp. y € ) is the vector
of all kernel evaluations between the sample and the data samples {x;} ; (resp.

{yitisy),
k(z) = {k(z;, 2) }y,

(2.58)
L(y) == {l(Yi, y) Fiz1-

With the convenient notations introduced above, we can write vectorized equations
that use the reproducing property as follows,

K =3"o,

L ="y,
k(z) = o' ¢(x),
£(y) = VT(y).

(2.59)

We can further write empirical cross-covariance operators (2.45) more succinctly

as 1
CA(XX - _(I)(I)T7
n
. 1
Cxy = —@U7T,
) 711 (2.60)
Cyx = Uo7,
n
A 1
Cyy = =007,
n

In order to write the nonparametric form for empirical CMEs, we would require a
special case of a standard result in linear algebra known as the Sherman—Morrison-
Woodbury formula.

Theorem 2.10 (Sherman—Morrison—-Woodbury). A special case of the Sherman—
Morrison—Woodbury formula states that for any linear operators B € R™™™ and
C € R™" and identity operators I, and I,,, the following identity holds

B(CB+1,) "' =(BC+1,)'B. (2.61)

The result holds for all operators of finite dimensionality. This results also holds
for bounded linear operators [Xu, 2017]. Note that if our features ¢(z) are bounded
for all x € X', then our feature matrices as per definition 2.27 is a bounded operator
since it is finite collection of such features.
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Therefore, from here onwards we will require that our features are bounded, mean-
ing that ||¢(2)||z = [[k(z, )| = (k(z,-),k(z,-)), = k(z,z) is bounded for all
x € X. This is satisfied for many kernels we use in practice, such as the Gaussian
kernel.

Theorem 2.11 (Nonparametric Conditional Mean Operator). The empirical CMO
can be expressed nonparametrically as

Cyix = U(K + \I,,) o7, (2.62)

Proof. The result follows from theorem 2.10 and the vectorized notations (2.60)
and (2.59),

C’y‘X = CA’YX (C’XX + )\I)_l (deﬁnition 225)
1 1

= —Udl (=0T + \I)7! (equation (2.60))
n n

= VoL (0T + pAI) ! (4 cancels)

= U (TP + nAl) T (theorem 2.10)

= U(K +nX)" oL, (equation (2.59))

[l

It can be conceptually helpful to note that ¥ has size | Y| x n, (K + A\ )~! has
size n x n, and ®7 has size n x ||X]|, resulting in the appropriate size ||| x || X]|
for Cy‘X.

Theorem 2.12 (Nonparametric Conditional Mean Embedding). The empirical
CME conditioned on x € X can be expressed nonparametrically as

fiyix—s = Cyxd(x) = U(K + n\)"k(z). (2.63)

Proof. The result follows from theorem 2.11 and the vectorized notations (2.59),

éy|X¢($) = U(K +nA\l) " 'dT¢(2), (theorem 2.11)
= U(K +nA\l) " 'k(z). (equation (2.59))
[l

Due to the reproducing property in H,, the evaluation of the empirical CME at
y € Y is thus

fivix=:(y) = ¥ (y)" Oy xd(x) = L(y)" (K +nAD)"'k(x). (2.64)
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Importantly, the empirical CME may evaluate to negative values even if its true
CME never evaluates to negative values. Consider the case where the kernels k
and ¢ always evaluates to nonnegative values. That is k(z,2’) > 0 for all z, 2’ €
X and similarly for ¢. This means that the evaluation of the true CME (2.36)
Py|x==(y) for all y € Y and # € X must be nonnegative. However, due to the
inversion of the regularized cross-covariance operator in the empirical CME (2.48)
or correspondingly the inversion of the gram matrix within the nonparametric
form of the empirical CME (2.64), the evaluation of empirical CMEs need not be
nonnegative. When we obtain such an empirical CME this immediately implies
that the empirical CME do not have a proper pre-image.

Nevertheless, while there is a long story behind the elegant theory of CMEs, their
empirical forms take relatively simple forms and require only standard linear al-
gebraic operations. In this sense, it is similar to GPRs and many other kernel
models, where training and prediction is straightforward to implement. Due to
the general nature of the way it is formulated, CMEs do not make strong or limit-
ing assumptions on the distributions involved, allowing for frameworks that require
such flexibility to be built upon it.

In the rest of the thesis, we will present methodologies to leverage the represen-
tational power of CMEs in three different settings — classification (chapter 3),
inference (chapter 4), and regression (chapter 5). We address the problem of hy-
perparameter learning and probabilistic inference in all three settings, as well as
further challenges that are relevant to each setting individually.



Chapter 3

Hyperparameter Learning for
Conditional Kernel Mean Embeddings
with Rademacher Complexity Bounds

Conditional kernel mean embeddings are nonparametric models that encode con-
ditional expectations in a reproducing kernel Hilbert space. While they provide
a flexible and powerful framework for probabilistic inference, their performance is
highly dependent on the choice of kernel and regularization hyperparameters. Nev-
ertheless, current hyperparameter tuning methods predominantly rely on expen-
sive cross validation or heuristics that is not optimized for the inference task. For
conditional kernel mean embeddings with categorical targets and arbitrary inputs,
we propose a hyperparameter learning framework based on Rademacher complex-
ity bounds to prevent overfitting by balancing data fit against model complexity.
Our approach only requires batch updates, allowing scalable kernel hyperparam-
eter tuning without invoking kernel approximations. Experiments demonstrate
that our learning framework outperforms competing methods, and can be fur-
ther extended to incorporate and learn deep neural network weights to improve
generalization.

3.1 Introduction

Conditional mean embeddings (CMEs) are attractive because they encode condi-
tional expectations in a RKHS, bypassing the need for a parametrized distribution
[Song et al., 2013]. They are part of a broader class of techniques known as kernel
mean embeddings, where nonparametric probabilistic inference can be carried out
entirely within the RKHS because difficult marginalization integrals become sim-
ple linear algebra [Muandet et al.; 2017]. This very general framework is core to
modern kernel probabilistic methods, including kernel two-sample testing [Gretton
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et al., 2007], kernel Bayesian inference [Fukumizu et al., 2013], density estimation
[Kanagawa and Fukumizu, 2014, Song et al., 2008], component analysis [Muandet
et al., 2013], dimensionality reduction [Fukumizu et al., 2004], feature discovery
[Jitkrittum et al., 2016], and state space filtering [Kanagawa et al., 2016].

Nevertheless, like most kernel based models, their performance is highly depen-
dent on the hyperparameters chosen. For these models, the model selection process
usually begins by selecting a kernel, whose parameters become part of the model
hyperparameters, which may further include noise or regularization hyperparam-
eters. Given a set of hyperparameters, training is performed by solving either a
convex optimization problem, such as the case in support vector machines (SVMs)
[Scholkopf and Smola, 2002], or a set of linear equations, such as the case for Gaus-
sian process regressor (GPR) [Rasmussen and Williams, 2006], regularized least
squares classifiers (RLSCs) [Rifkin et al., 2003], and CMEs. Unfortunately, hyper-
parameter tuning is not straight forward, and often cross validation [Song et al.,
2013] or median length heuristics [Muandet et al., 2017] remain as the primary
approaches for this task. The former can be computationally expensive and sen-
sitive to the selection and number of validation sets, while the latter only applies
to hyperparameters with a length scale interpretation and makes no reference to
the conditional inference problem involved as it does not make use of targets.

One notable success story in this domain are GPs, which employ their marginal
likelihood as an objective for hyperparameter learning. The marginal likelihood
arises from its Bayesian formulation, and exhibits certain desirable properties —
in particular, the ability to automatically balance between data fit and model
complexity. On the other hand, CMEs are not necessarily Bayesian, and hence
they do not benefit from a natural marginal likelihood formulation, yet such a
balance is critical when generalizing the model beyond known examples.

Can we formulate a learning objective for CMEs to balance data fit and model
complexity, similar to the marginal likelihood of GPs? For CMEs with categori-
cal targets and arbitrary input, we present such a learning objective as our main
contribution. In particular, we: (1) derive a data-dependent model complexity
measure 7 (0, A) for a CME with hyperparameters (6, ) based on the Rademacher
complexity of a relevant class of CMEs, (2) propose a novel learning objective
based on this complexity measure to control generalization risk by balancing data
fit against model complexity, and (3) design a scalable hyperparameter learn-
ing algorithm under this objective using stochastic batch gradient updates. We
show that this learning objective produces CMEs that generalize better than that
learned from cross validation (CV), empirical risk minimization (ERM), and me-
dian length heuristic (MLH) on standard benchmarks, and apply such an algorithm
to incorporate and learn neural network weights to improve generalization.
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3.2 Related Work

3.2.1 Conditional Mean Embeddings

To construct a conditional mean operator Uy |x corresponding to the distribution
Py|x, where X : @ — X and Y : @ — ) are measurable random variables, we
first choose a kernel k£ : X x X — R for the input space X and another kernel
Il :Y xY — R for the output space Y. These kernels £ and [ each describe
how similarity is measured within their respective domains X and ), and are
symmetric positive definite such that they uniquely define the RKHS H; and
H;. The conditional mean operator Uy x is then the operator U : H; — H,; for
which piyx=, = Uk(x,-), where py|x=, = E[(Y,-)|X = z] is the CME [Song
et al., 2009]. In this sense, it sweeps out a family of CMEs py|x—, in H,;, each
indexed by the input variable x € X. We then define cross covariance operators
Cyx = E[l(Y,") @ k(X,")] : Hr — H; and Cxyx = E[k(X,) @ k(X,-)] : Hp —
‘H,.. Alternatively, they can be seen as elements within the tensor product space
Cyx € Hi Q@ Hi and Cxx € Hi @ Hy,.

Under the assumption that k(x,-) € image(Cxx), it can be shown that Uy|x =
CyxCyx%. While this assumption is satisfied for finite domains X with a char-
acteristic kernel k, it does not necessarily hold when X is a continuous domain
[Fukumizu et al., 2004], which is the case for many classification problems. In this
case, Cy XC’;& becomes only an approximation to Uy|x, and we instead regular-
ize the inversion and use Uy|x = Cy x(Cxx + A1 )_1, which also serves to avoid
overfitting [Song et al., 2013]. CMEs are useful for probabilistic inference since
conditional expectations of a function g € H; can be expressed as inner products
with the CME, E[g(Y)|X = z] = (uy|x=s,9), provided that E[g(Y)|X = -] € H,
[Song et al., 2009, Theorem 4].

Furthermore, as both Cy x and Cx x are defined via expectations, we can estimate
them with their respective empirical means to derive a nonparametric estimate for
Uy|x based on observations {z;,y;} € X x Y, i € N, :={1,...,n},

Uy x = U(K +n\) 107, (3.1)

where Kj; = k(z,z;), ® = [¢p(x1) ... d(x,)], ¥ = [0(n) ... ¥y,
() = k(x,-), and Y(y) := l(y, ) [Song et al., 2013]. The empirical CME defined
by fiy|x=s 1= Z;{y|Xk(a:, -) then stochastically converges to the CME jiy|x—, in the
RKHS norm at rate of O,((n\)"2+A2), assuming that k(z, -) € image(Cxx) [Song
et al., 2009, Theorem 6]. This allows us to approximate the conditional expectation
with (fiy|x=s,9) instead, where g := {g(y;) }7—; and k(z) := {k(z;,z)}7,,

Elg(V)|X = 2] = (jiv|x=s, 9) = &' (K + 1)) "'k(z). (3.2)
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3.2.2 Hyperparameter Learning

Hyperparameter learning for CMEs is particularly difficult compared to marginal
or joint embeddings, since the kernel k = ky with hyperparameters # € © is to be
learned jointly with a regularization hyperparameter A € A = R,. Griinewalder

et al. [2012] proposed to hold out a validation set {k(x,, ), (y;,,-)}/=, and mini-

J
ing training set using (3.1). This could also be repeated over multiple folds for

mize % Z}]:1 Hl(ytj, ) —Z;{y|X]€(I‘t., )H;l where L?y|X is estimated from the remain-

cross validation. Song et al. [2013, p. 15] also uses this cross validation approach,
but adds regularization A||if]|%¢ to the validation objective. Validation sets are
necessary for improving generalization to unseen examples. This is because the
CME is already the solution that minimizes the objective from Griinewalder et al.
[2012] over the operator space, so further optimization over the hyperparmeters
using the same training set would lead to overfitting. Moreover, the cross vali-
dation objective changes depending on the particular split and number of folds.
Additionally, by fitting a separate model for each fold during learning, they incur a
large computational cost of O(Jn?) for J folds, and become prohibitive with large
datasets. This spells a need for an alternative hyperparameter learning framework
using a different objective.

When cross validation is too expensive, length scales can be set by the median
heuristic [Muandet et al., 2017] via ¢ = median; ;(||z; — x;||2) for many stationary
kernels. However, they cannot be used to set hyperparameters other than length
scales, such as A. In the setting of two sample testing, Gretton et al. [2012] note
that they can possibly lead to poor performance. In the context of CMEs, they are
also unable to leverage supervision from labels. Flaxman et al. [2016] proposed a
Bayesian learning framework for marginal mean embeddings via inducing points,
although it is unclear how this can be extended to CMEs. Fukumizu et al. [2009]
also investigated the choice of kernel bandwidth for stationary kernels in the setting
of binary classification and two sample testing using maximum mean discrepancy
(MMD), but has yet to generalize to CMEs or multiclass settings.

3.2.3 Rademacher Complexity

Rademacher complexity [Bartlett and Mendelson, 2002] measures the expressive-
ness of a function class F' by its ability to shatter, or fit, noise. They are data-
dependent measures, and are thus particularly well suited to learning tasks where
generalization is vital, since complexity penalties that are not data dependent
cannot be universally effective [Kearns et al., 1997]. The Rademacher complexity
[Bartlett and Mendelson, 2002, Definition 2] of a function class F' is defined by
Ru(F) == E[sup;cp||2 30 00 f(Xi)||], where {0}, are iid Rademacher random
variables, taking values in {—1,1} with equal probability, and {X;} , are did
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random variables from the same distribution Px. Since {o;}?; are distributed in-
dependently without knowledge of f, the intuition is to interpret {o;}? , as labels
that are simply noise. For a given set of inputs {X;}!" ;, the term inside the norm
is high when the sign of f(X;) matches the signs of o; averaged across i € N,,
meaning that f has managed to fit the noise well. We take this as the defining fea-
ture of what it means for a model f to be complex. The supremum then finds the
f within F' that fits the noise the best, intuitively representing the most complex
f within F'. The final expectation then averages this quantity across realizations
of { X}, from Px.

Rademacher complexities are usually applied in the context where classifiers are
trained by minimizing some empirical loss subject to a bounded Rademacher com-
plexity within the class of classifiers. In the context of multi-label learning, Yu
et al. [2014] used trace norm regularization to bound the Rademacher complexity,
achieving tight generalization bounds. Xu et al. [2016] extends the trace norm reg-
ularization approach by considering the local Rademacher complexity on a subset
of the predictor class, where they instead minimize the tail sum of the predictor
singular values. Local Rademacher complexity has also been employed for multi-
ple kernel learning [Cortes et al., 2013, Kloft and Blanchard, 2011] to learn convex
combinations of fixed kernels for SVMs. Similarly, Pontil and Maurer [2013] also
used trace norm regularization to bound the Rademacher complexity and minimize
the truncated hinge loss. Nevertheless, while Rademacher complexities have been
employed to restrict the function class considered for training weight parameters,
they have not been applied to learn kernel hyperparameters itself.

3.3 Multiclass Conditional Embeddings

We present a particular type of CMEs that are suitable for prediction tasks with
categorical targets. We show that for CMEs with categorical targets and arbi-
trary inputs, we can further infer conditional probabilities directly, and not just
conditional expectations. As there are no restrictions on the number of target
categories, we refer to these CMEs as multiclass conditional embeddings (MCEs).
Section 3.7 contains the proofs for theorems claimed in this section.

For categorical targets, the output label space is finite and discrete, taking values
only in Y = N,, := {1,...,m}. Naturally, we choose the Kronecker delta kernel
d : N x N,,, = {0, 1} as the output kernel [, where labels that are the same have
unit similarity and labels that are different have no similarity. That is, for all
pairs of labels y;,y; € Y, d(y;,y;) = 1 only if y; = y; and is 0 otherwise. As ¢ is
an integrally strictly positive definite kernel on N,,, it is therefore characteristic
[Sriperumbudur et al., 2010b, Theorem 7]|. Therefore, by definition [Fukumizu
et al., 2004], 0 uniquely defines a RKHS Hs = span{d(y,-) : y € Y}, which is
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the closure of the span of its kernel induced features [Xu and Zhang, 2009]. For
Y = N,,, this means that any g : N,, — R that is bounded on its discrete domain
N,, is in the RKHS of §, because we can always write g = Z;nzl g(y)o(y,-) €
span{d(y,-) : y € Y} C Hs. In particular, indicator functions on N,, are in Hy,
since 1.(y) = lig(y) = 0(c,y), so that 1. = 0(c,-) are simply the canonical
features of Hs. Such properties do not necessarily hold for continuous target
domains in general. For discrete target domains, this convenient property enables
consistent estimations of decision probabilities.

Let p.(x) := P[Y = ¢|X = z] be the decision probability function for class ¢ € N,
which is the probability of the class label Y being ¢ when the example X is x.
Importantly, note that there are no restrictions on the input domain X" as long as
a kernel £ can be defined on it. For example, X could be the continuous Euclidean
space R, the space of images, or the space of strings. We begin by writing this
probability as an expectation of indicator functions,

pe(x) :=P[Y = ¢|X = 2] = E[1.(V)|X = z]. (3.3)

With 1, € Hs, we let ¢ = 1. in (3.2) and 1. := {1.(y;)}_, to estimate the right
hand side of (3.3) by

pel) = fulx) = 17 (K +nA) k(). (3.4)

Let Y :=[1; 1, --- 1,] € {0,1}"™ be the one hot encoded labels of {y;}7_,.
The vector of empirical decision probabilities over the classes ¢ € N,,, is then

p(r) = f(z) := Y' (K + nA\l) 'k(x) € R™. (3.5)

Since U = LAIY‘ x (3.1) is the solution to a regularized least squares problem in
the RKHS from k(z,-) € Hy, to I(y, ) € H; [Grilnewdlder et al., 2012], CMEs are
essentially kernel ridge regressions (KRRs) with targets in the RKHS. In this case,
because ) = N,, is discrete, Hs can be identified with R™. As a result, the rows
of the MCE can also be seen as m KRRs [Friedman et al., 2001] on binary {0,1}-
targets, where they all share the same input kernel k. Because they all share the
same kernel to form the MCE, we prove that the empirical decision probabilities
(3.4) do converge to the population decision probability.

Theorem 3.1 (Convergence of Empirical Decision Probability Function). Assum-
ing that k(x,-) is in the image of Cxx, the empirical decision probability function
Pe 1 X — R (3.4) converges uniformly to the true decision probability p. : X — [0, 1]
(3.3) at a stochastic rate of at least O,((nX\)~2 + A2) for allc € Y = N,,.
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In particular, the assumption k(z,-) € image(Cxx) is a statement on the input
kernel k, not the output kernel [, which is a Kronecker delta [ = ¢ for MCEs.
It is worthwhile to note that this assumption is common for CMEs, and is often
relaxed through introducing the regularization hyperparameter A (3.1) in practice
[Muandet et al., 2017, Song et al., 2013, 2009, p.74-75, Sec. 3 and 3.1 resp.].

Note that for finite n the probability estimates (3.4) may not necessarily lie in
the range [0, 1] nor form a normalized distribution for finite n. Nonetheless, the-
orem 3.1 guarantees that they approach one with increasing sample size. When
normalized distributions are required, clip-normalized estimates can be used,

max{p.(z), 0}
2 ey max{p; («), 0}

Pe(x) == (3.6)

This does not change the resulting prediction, since §(x) = argmax,cy, Pe(z) =
argmax,cy, Pe(®). Theorem 3.1 also implies that eventually the effect of clip-
normalization vanishes, where p.(z) approaches to both p.(x) and thus p.(x) with
increasing sample sizes.

Importantly, this enables MCEs to be naturally applied to perform probabilistic
classification in multiclass settings with categorical targets. In contrast, in terms
of probabilistic classification, support vector classifiers (SVCs) do not output prob-
abilities and probabilistic extensions require difficult calibration, while Gaussian
process classifiers (GPCs) require posterior approximations. Furthermore, in terms
of the multiclass setting, multiclass extensions to SVCs and GPCs often employ
the one versus all (OVA) or one versus one (OVO) scheme [Aly, 2005], resulting
in multiple separately trained binary classifiers with no guarantees of coherence
between their outputs. Instead, training a single MCE is sufficient for producing
consistent multiclass probabilistic estimates.

Similar to RLSC, MCEs are solutions to a regularized least squares problem in a
RKHS [Griinewélder et al., 2012], resulting in a similar system of linear equations.
Nevertheless, RLSCs primarily differ in the way they handle the labels, in which
binary labels {—1, 1} appear directly in the squared loss instead of its kernel feature
d(yi,-) or, equivalently, its one hot encoded form y;. Consequently, multiclass
extensions for RLSC either require using the OVA scheme [Rifkin et al., 2003]
which suffers from computational and coherence issues, or alternatively require
minimizing the total loss across all binarized tasks for the overall least squares
problem [Pahikkala et al., 2012]. Although the latter attempts to link the classifiers
together through its loss, both approaches still produce separate classifiers for each
class. As a result, multiclass RLSC does not produce consistent estimates of class
probabilities akin to that of theorem 3.1 for MCEs.
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3.4 Information Entropy

Probabilistic classifiers such as the MCE allows us to quantify the uncertainty
of its predictions for any given example x € X through the information entropy.
This is ideal for detecting the decision boundaries of the classifier. However, the
MCEs outputs decision probability estimates which may not necessarily lie in the
range [0,1] nor form a normalized distribution for finite n. Consequently, we
present two main approaches for approximating the information entropy from the
classifier, with the latter taking advantage of RKKHS properties directly.

The information entropy of the possible labels Y for a given example X = z is

h(z) = HIY|X = 1] = ch )log pe(r). (37)

The first approach is straightforward, involving simply computing the information
entropy with the clip normalized probabilities (3.6), at the query point z € X,

h(x) == pe(x)log pe(). (3.8)

We call (3.8) the clip-normalized information entropy. Since p.(z) converges point-
wise to p.(z) with increasing data, h(z) also converges pointwise to h(x).

Just as decision probabilities can be expressed as an expectation of indicator func-
tions, information entropy can be expressed as expected information gain,

HY|X = 2] = — ZP[Y = ¢|X = z]logP[Y = ¢|X = 1]

(3.9)
= E[— log PlY|X = z]| X = z]
= Elu(Y)[X = 4],
where u,(y) := —logP[Y = y| X = z] is the information (in nats) we would gain

when we discover that example x actually has label y, under the true decision
probability P[Y = y|X = z]|. Note that while P[Y = y|X = z] is a constant, we
employ the shorthand notation P[Y|X = z] for the random variable g(Y) where
g(y) =PlY = y|X =z|. If u, : N, — R is in the RKHS Hs, then we know that
this expectation can also be approximated by (fly|x—z, Ug)-

This forms the basis of our second approach. Assuming that P[Y = y|X = z] is
never exactly zero for all labels y € ) and examples x € X', then u,(y) is bounded
on its discrete domain N,,. We can thus write u, = Y | —logP[Y = ¢|X = z]d(c, -)
which shows that u, is in the span of the canonical kernel features and is thus in
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the RKHS. Hence, similar to the case with decision probabilities, with u, € Hs
and u, := {u.(y;)}, we let g = u, in (3.2) and estimate h(x) by

(fiy|x=2> Ur) = UL (K + X)) "'k(). (3.10)

Unfortunately, u, is not known exactly, since P[Y = y| X = z] is not known exactly.
Instead, since p.(x) is a consistent estimate for P[Y = ¢|X = z| by theorem 3.7, we
propose to replace u,(y) with the information gain under p,(x) instead. However,
we cannot simply take the log of this estimator, as p,(z) may produce non-positive
estimates to the prediction probabilities. The straight forward way to mitigate this
problem is to clip p,(x) from the bottom by a very small number, before taking
the log. However, experiments show that this produces non-smooth estimates over
X and the degree of smoothness varies drastically between different choices of that
small number. Instead, in virtue of the fact that lim,_,o —plog p = 0 even though
lim,_,o —log p = oo, we simply define the information gain estimate 4,(y) as zero
if the empirical decision probability is non-positive,

. | {—logﬁy(:r;) it py(x) >0, (3.11)

0 otherwise.

It remains to show that 4, € Hs. Indeed, the information gain estimate can be
written as i, = » .-, U (c)d(c, -) and thus 4, is in the span of the kernel canonical
features. We then arrive at the following estimate for h(z),

W) = (fiy | X, Ue) = 0L (K +nA) " k(2), (3.12)

where 0, := {4, (y;)}~,. Similar to the case with decision probabilities (3.3), the
information entropy estimate (3.12) is not guaranteed to be non-negative. How-
ever, in practice these negative values are close to zero. Furthermore, negative
estimated information entropy implies that the model is very confident about its
prediction, and it suffices to simply clip the entropy at zero if strict information
entropy is required. Since this estimator is now based on the inner product be-
tween the empirical CME and another empirically estimate function, instead of
between the empirical CME and a known function like the decision probability
estimate, it is not immediately clear that such an estimator converges. Neverthe-
less, intuition tells us that the inner product between two converging quantities
should converge. We proceed to show that this intuition is correct. The proof is
provided in section 3.7.

Theorem 3.2 (Convergence of Empirical Information Entropy Function). Assum-
ing that k(z,-) is in the image of Cx x, the empirical information entropy function
h:X >R (3.12) converges pointwise to the true information entropy function
h:X —[0,00) at a stochastic rate of at least Op((nX)"2 + A2).
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3.5 Hyperparameter Learning with Rademacher
Complexity Bounds

We now derive learning theoretic bounds that motivate and serve as the founda-
tions to our proposed hyperparameter learning algorithm. From here onwards, we
denote 6 as the kernel hyperparameters of the kernel k = ky. The hyperparameters
we are interested in learning are # and \.

We begin by defining a loss function as a measure for performance. For decision
functions of the form f : X — A = R™ whose entries are probability estimates, we
employ a modified cross entropy loss,

L(y,f(z)) == —log [y f(2)]¢ = —log [f, ()], (3.13)

to express risk, where we use the notation [ - ]! := min{max{ - , ¢}, 1} for e € (0, 1).
It is worthwhile to point out that this choice only makes sense due to theorem 3.1,
as it allows us to interpret the outputs of the CME as asymptotic probability
estimates. Note that we employ the loss on the original probability estimates
(3.5), not the clip-normalized version (3.6). We employ this loss in virtue of
theorem 3.1, where we expect f(z) (3.5) to be approximations to the population
decision probabilities. In contrast, direct outputs from SVCs, GPCs, or RLSCs are

not consistent probability estimates and cannot take advantage of (3.13) easily.

However, simply minimizing the empirical loss %Z?:l L(y;, o r(z;)) over the hy-
perparameters (6, A\) could lead to an overfitted model. We therefore employ
Rademacher complexity bounds to control the model complexity of MCEs.

Let © and A be a space of kernel and regularization hyperparameters respectively.
We define the class of MCEs over these hyperparameter spaces by

F.(0,A) :={fy.(x) : 0 € ©,\ € A}. (3.14)

We denote Wy, = Z;{}(f";}) so that ||[Wyalle = HZ;[ffl;)HHS to reflect the dependence
on (A, \) and also to emphasize the role it plays as the weights of the decision
function. We first restrict the space of hyperparameters by the norms of Wj ) and
ko(x,x) to obtain an upper bound to the Rademacher complexity of F},(©,A).

Theorem 3.3 (MCE Rademacher Complexity Bound). Suppose that the trace
norm ||Wyxllee < p is bounded for all @ € ©,\ € A. Further suppose that the
canonical feature map is bounded in RKHS norm ||¢9(1;)H%{k9 = ko(z,7) < a2,
a >0, forallx € X,0 € ©. For any set of training observations {x;,y;}", the
Rademacher complezity of the class of MCEs F,,(©,A) (3.14) is bounded by

Ra(F,(0,A)) < 2ap. (3.15)
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Bartlett and Mendelson [2002] showed that the expected risk can be bounded
with high probability using the empirical risk and the Rademacher complexity
of the loss composed with the function class. For a Lipchitz loss, Ledoux and
Talagrand [2013] further showed that the latter quantity can be bounded using
the Rademacher complexity of the function class itself. We use these two results
to arrive at the following probabilistic upper bound to our expected loss.

Theorem 3.4 (MCE e-Specific Expected Risk Bound). Assume the same assump-
tions as theorem 3.5. For any integer n € Ny, any € € (0,e71), and any set of
training observations {x;,y; }1,, with probability of at least 1 — B over iid samples
{X;,Y;}, of length n from Pxy, every f € F,(©,A) satisfies

E[L— (Y, f(X Z,c (Y, f(X +4eap+,/%10g%. (3.16)

However, for hyperparameter learning, we would require a risk bound for specific
choice of hyperparameters, not just for a set of hyperparameters. For some 6 € ©
and A € A, we construct a subset of hyperparameters E(é, 5\) C © x A defined
by E(6,0) = {(6,2) € © x A [Woallee < [Wysller, suppex kolz,2) < a?(9) =

sup,cy k3(z, z)}. Clearly, this subset is non-empty, since (8, ) € Z(6, \) is itself
an element of this subset. Thus, we can assert that |[Wyx[lu < p = [[Wy5llu
is bounded for all (,\) € Z(A,\), and that Iga(2)I3,, = ko(z,2) < o =
SUP,cx k(x, x) is bounded for all z € X', (6,\) € Z(0, \).

We can now choose some arbitrary 6 € ©, A € A and apply theorem 3.4 with p=
Wi slle and a? = sup,cy kj(z,z) and by considering only the hyperparameters
(0,)\) € Z(A,\). The probabilistic statement (3.16) then only holds for (8, ) €
=(6,\). In particular, since (A, \) € Z(A, \), it holds for (,\) = (6, ). Applying
this choice, the only hyperparameters that remain in the statement are (é, 5\) We
then replace these symbols with (0, \) again to avoid cluttered notation. Since
they were chosen arbitrarily from © x A, we arrive at our final result.

Theorem 3.5 (MCE Expected Risk Bound for Hyperparameters). For any integer
n € Ny and any set of training observations {x;, y; i, used to define 5\ (3.5),
with probability 1 — B over iid samples {X;,Y;}", of length n from Pxy, every
0O, e, and e € (0,e71) satisfies

B+ (V. Eon ()] € & 30 LV fun (X)) +4e (0, 0) + Sog=. (317)

where (0, \) \/trace Vi KoVox) sup,ex ko(z, x) and Vo x = (Ko +n\)~'Y.

In particular, r(6,\) is an upper bound to the Rademacher complexity of a rel-
evant class of MCEs based on the hyperparameters Z(6,\). We call (6, \) the
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Algorithm 1 MCE Hyperparameter Learning with Stochastic Gradient Updates

1: Input: kernel family ky : X x X — R, dataset {z;,y;},, initial kernel
hyperparameters 6, initial regularization hyperparameters )\, learning rate
7, cross entropy loss threshold ¢, batch size n,

2: 0 00, A — )\0

3: repeat

4:  Sample the next batch Z, C N, s.t. |Z,| = ny

5 Y« {0(yi,c) ;i € Ly,c € Ny} € {0, 1}mwxm
6: Ko< {ko(xi,z;) i €Ty, j € T} e Rwxm
7. Ly < cholesky(Ky + nyAly,) € Rwxm
8: va,)\ — LeT,,\\(L&/\\Y) € Rwxm
9: P97)\ — Kg‘/g’)\ € Rmwxm
10:  r(0,)) < a(@)\/trace(‘/;,:’r/\[(g%)\)

11: g0, \) < nlb S L((Y)i, (Poa)i) +4er(0,N)

12: (0, \) + GradientBasedUpdate(q, 8, \;n)

13: until maximum iterations reached

14: Output: kernel hyperparameters 6, regularization A

Rademacher complexity bound (RCB) and use it to measure the model com-
plexity of a MCE with hyperparameters (#, A). Since the training set itself is a
sample of length n drawn from Pyy, the inequality (3.17) holds with probability
1 — 8 when the random variables (X;,Y;) are realized as the training observations
(x;,y;). Motivated by this, we employ this upper bound as the learning objective
for hyperparameter learning,

q(0, ) = %iﬁe(yi, for(x)) +4er(,N). (3.18)

Importantly, the first term is an empirical risk that measures data fit, and the
second term is the RCB that measures model complexity. Together, this learning
objective achieves a balance between data fit and model complexity, similar to the
corresponding property of a negative log marginal likelihood learning objective.

3.6 Scalable Hyperparameter Learning

In the big data domain where it becomes prohibitively expensive to compute the
full hyperparameter learning objective (3.18), we scale our approach by using only
a batch subset of the data to construct hyperparameter learning objective and
its gradients. This is possible due to interesting consequences of the statements
proved in theorem 3.5.
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3.6.1 Batch Stochastic Gradient Update

Since theorem 3.5 holds for any n € N, and any set of data {z;,y;}’, from
Pxy, the bound (3.17) also holds with high probability for a batch subset of
the training data. We therefore propose to use only a random batch subset of
the data to perform each gradient update. This enables scalable hyperparameter
learning through batch stochastic gradient updates, where each gradient update
stochastically improves a different probabilistic upper bound of the generalization
risk. Note that without theorem 3.5, it is not straightforward to simply apply
stochastic gradient updates to optimize ¢, since r depends on the dataset but is
not written in terms of a summation over the data. Furthermore, the batch size
cannot be too small, in order to keep the constant y/8log (2//3)/n relatively small.
We present this scalable hyperparameter learning approach via batch stochastic
gradient updates in algorithm 1, reducing the time complexity from O(n?) to
O(n}), where ny is the batch size. The Cholesky decomposition for the full training
set requires O(n3) time and is necessary only for inference, instead of once every
learning iteration. It can be further avoided by using random Fourier features
[Rahimi and Recht, 2008] or kernel herding [Chen et al., 2010] to approximate the
already learned MCE. All further inference takes O(n?) time, or potentially less
with approximation, using back substitution.

3.6.2 Batch Validation

While we simply instantiated (X, Y;) to be the training observations in theorem 3.5
to obtain (3.18), this does not have to be the case for batch updates. Instead, in
each learning iteration, we could further split the batch into two sub-batches — one
for training and one for validation. The training batch is used to form the MCE
fy » and RCB (6, \), while we evaluate the empirical risk on the validation batch,

’VL(V

V(0,1 =—Z£ AR @)+ 0,8, (3.19)

where (T') and (V') denotes training and validation. Importantly, in contrast to
standard cross validation, not all data is required for each update due to the
presence of the RCB. Furthermore, although the multiplier on the RCB is 4e,
experiments show that generalization performance can improve if we use a smaller
multiplier 7 < 4e, suggesting an upper bound tighter than (3.17) may exist. In
practice, these two extensions work well together. Intuitively, by introducing a
validation batch to measure empirical data fit, a smaller weight on the complexity
penalty is required.
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3.7 Convergence Theorems and Proofs

In this section we provide theorems and derivations that establish convergence
properties of MCEs. Most of the convergence results hold due to MCEs being
special cases of CMEs, whose empirical estimates are known to converge. This
section contains the proofs for theorems claimed in section 3.3 and section 3.4.

Suppose {X;,Y;} ~ Pxy are uid for all i € N,,, with X; : Q - X and Y; : Q — ).
We wish to estimate some target function f : X — R by f : X — R empirically
with a dataset {X;, Y;}!', of size n € N;. Since f is empirically estimated, it is
a random function over the possible data observation events w € ). The aim is
to provide a sense of the stochastic convergence of f to f by providing an upper
bound of their absolute pointwise difference |f(z) — f(z)|, and show that such
an upper bound converges to zero at some stochastic rate. Such an upper bound
is provided by the convergence properties of CMEs. In particular, the empirical
CME stochastically converges to the CME at rate O,((nA)~2 + Az), under the
assumption that k(z,-) € image(Cxx) [Song et al., 2009, Theorem 6]. That is,

Vee X, Ve >0, dM, >0 s.t.

P[HﬂYlX:c — pyix=z|l, > M€<(n/\)—% i A%)] e (3.20)

In practice, the assumption that k(z, ) € image(Cxx) can be relaxed by replacing
Z/{Y\X = nyo)_(k with Z/{Y\X = OYX(CXX + )\])_1 [Song et al., 2013]. This will
apply to all subsequent theorems in this section.

Theorem 3.6 (Pointwise and Uniform Convergence of Conditional Mean Em-
bedding Estimators). Suppose that k(z,-) is in the image of Cxx and that there
exists 0 < v(x) < oo such that for some estimator function f : X = R and target
function f : X — R,

(@) = F@)] < @)||iivixs — ivixmsl . o € X, (3.21)

then the estz’matorf converges pointwise to the target f at a stochastic rate of at
least O,((n\)"2 + X2). Further, if v(z) = v is independent of x € X, then this
convergence 1s uniform.

Proof. Suppose that there exists 0 < (x) < oo such that (3.21) is satisfied. That
is, the inequality (3.21) holds for all possible data observations {X;, Y;}! ; where
X, Q= XY, :Q — Yforall i € N,. For any constant C, the implication
statement Hﬂy‘X:x - '“Y|XZIHH5 < C = |f(z) — f(z)| < Cy(z) holds for all
possible observation events w € 2. Writing this explicitly in event space translates
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this to a probability statement,

{weN: HﬂY\X:x - ,UY|X:xHHl <C}C{weQ:|f(z) - f(x)] < Cy(x)}

. 3.22
— P|llvix—s = avix=ally, < €] <P[If@) = f@)] < Cr(a)]. o2

Since we assume that k(x,-) € image(Cxx), statement (3.20) is valid. By let-
ting C = M.((n\)"2 4+ A2) in (3.22), we immediately have that the probability
inequality in statement (3.20) is also true if we replace ||fiy|x=2 — fly|x=2|| With

|f(x) — f(x)| and M, with ~(x)M,,

P :H/lYlX:CC - MY\X:xHHl > Mc{ (nA

= 1-P :||ﬂY\X:x - MYIXZIHHZ < Ms

= P :||,&Y\X:x - MYIX::EHHZ S ME

(

(

- ( (3.23)
= P[If() = f@)] < ()M
(
(

->1—6

<€

)
)
%>_ >1—€
)
)

— 1-P[|f(@) - f(@)] < 2(@)M,

— P||f(@) = f(@)] > y(2)M.((nA) >

l:
D] <«

where we employed statement (3.22) between the third and fourth line for C' =
M.((nRA)"2 + Az). Therefore, since M, is arbitrary, define M.(z) := y(z)M. so
that, with the above result, the statement (3.20) implies the following,

Ve e X, e>0, IM(z) >0 s.t. P[‘f(x) — f(z)| > ]\Zle(x)((n)\)_% + )\%ﬂ < €.
(3.24)

In other words, the function f stochastically converges pointwise to f with a rate
of at least O,((nA)"2 4+ A2). The convergence is pointwise as the constant M, ()
may be different for each point = € X. If v(x) =  such that M.(x) = M, does
not depend on x € X, then this stochastic convergence is uniform in its domain
X. O

With theorem 3.6, we can now show the convergence of various estimators based
on the conditional mean embedding, as long as we can show that their estimator
error is upper bounded by a multiple of the conditional mean embedding error in
the RKHS norm. As such, we turn to the convergence of the empirical decision
probability function (3.4) below.

Theorem 3.7 (Convergence of Empirical Decision Probability Function). Assum-
ing that k(x,-) is in the image of Cxx, the empirical decision probability function
Pe 1 X — R (3.4) converges uniformly to the true decision probability p. : X — [0, 1]
(3.3) at a stochastic rate of at least O,((nA\)~2 + A2) for allc € Y = N,,.
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Proof. Consider the pointwise absolute difference between the decision probability
and its empirical estimate,

|ﬁc($) - pc($)| = |<,&Y|X:x, 1c> - <H’Y\X=za 1c>|
- |<ﬂY|X:$ - /JJY\X:am 1c>| (325)

< ||/1Y|X:r — MY |X=x

[ 1 Lel 3,

where the last inequality follows from the Cauchy Schwarz inequality in a Hilbert
space.

Since 1. = (¢, ) and using the fact that § is a reproducing kernel, we have that
forall c € Y = N,,.

[1e]3, = (1o, 10) = (8(c, ), 6(e, ) = b(e.¢) = 1. (3.26)

Therefore, by theorem 3.6 with v(z) = 1 independent of z € X, p. converges
uniformly to p. at a stochastic rate of at least Op((n)\)_% +A2) forallce Y =
N, [

The above proof is for uniform convergence over all x € X at the stochastic rate of
at least Op((n/\)_% +)\%). Intuitively, however, for stationary zero-centered kernels
like the Gaussian kernel, the convergence rate may be higher at regions of high
data density, since the kernel effects, being centered around the training data, are
stronger at these regions. The worse case convergence rate described here in the
theorem would be a tight lower bound for regions in A with lower data density,
where the kernel effects have decayed and most empirical probabilities are smaller
and further from summing up to one.

Because the label space )) = N,, is discrete and finite, bounded functions g € Hs in
the RKHS are equivalent to their vector representations g := {g(c)}™,, because
one can always write g = " g(c)d(c, -). In other words, there is an isomorphism
between Hs and R™. A convenient consequence is that inner products in the RKHS

are simply the usual dot products in a Euclidean space, since

(s = (Do m(3(e ). 2 o)

- Z Z 91(c)ga(c)(d(e, ), (¢, ),

c=1 /=1

= Z 91(c)g2(c)

Hs

(3.27)

= g1 82.
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Consequently, the RKHS norm for bounded functions g € H; is simply the fo-norm
of its vector representation g,

191135 = llglle.- (3.28)

A special and convenient result that arises due to this discrete and finite label
space is that the decision probabilities and its empirical estimate are simply the
conditional mean embeddings and its empirical estimate.

Lemma 3.1 (Decision Probabilities are Conditional Mean Embeddings). The de-
cision probability for class ¢ € N, given an example x € X is the conditional mean
embedding with | = § conditioned at example x evaluated at label c,

pe(x) == P[Y = ¢c|X = 2] = py|x=2(c). (3.29)

Therefore, p(z) = py|x=z-

Proof. Since indicator functions are the canonical features of the label RKHS Hy,
we employ the fact that expectations of indicator functions are probabilities to
prove this claim,

pry|x=x(c) =E[(Y, ¢)| X = 2] = E[5(Y, ¢)| X = ]
=E[1.(Y)|X = z] = P[Y € {c}|X = 1] (3.30)
=P[Y = | X = z]| =: p.(x).

]

Lemma 3.2 (Empirical Decision Probabilities are Empirical Conditional Mean
Embeddings). The empirical decision probability (3.4) for class ¢ € N,,, given an
example x € X is the empirical conditional mean embedding with | = & conditioned
at example x evaluated at label c,

Pe(x) = fiy|x=2(C). (3.31)

Therefore, P(z) = fiy|x=s-

Proof. Let the canonical feature maps of X and Y be ¢(z) = k(z,-) and ¥(y) =
l(y,-) = 0(y,-), then the empirical conditional mean embedding is defined by

fiy|x=s i= Uy x (). (3.32)
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By the reproducing property, the evaluation of fiy|x—, € H; is given by a dot
product,

~

fiyix=z(c) = (U(c, ), fiy|x=2)

(3.33)

12K +n\)'k(z),

where 1. := {l(y;, ¢)}}; and k, := {k(x;,x)}!,. While the notation 1. is usually
avoided due do its similarity to 1., in this context they happen to represent equal
quantities,

L= {l{yi ) }iea = {0(yi, ) i = {Le(wi) Fimh = Lo (3.34)

The claim then immediately follows by the definition of our decision probability
estimator,
fiy|x=z(c) = 1L(K +nAI) " 'k(z) =: p.(z). (3.35)

]

Lemma 3.2 shows that the decision function f(x) (3.5) of a MCE is no more than
the empirical conditional mean embedding estimated from the data.

Since we have identified the equivalence of decision probabilities and the condi-
tional mean embedding, we can now also show that the empirical decision proba-
bility vector also converges to the true decision probability vector.

Lemma 3.3 (Uniform Convergence of Empirical Decision Probability Vector
Function in ¢; and f5). Assuming that k(x,-) is in the image of Cxx, the em-
pirical decision probability vector function p : X — R™ (3.5) converges uniformly
to the true decision probability vector function p : X — [0, 1]™ in the {1-norm and
ly-norm, where p(x) := {p.(x)}™,, at a stochastic rate of at least Op((n)\)_% +A2)
forallc e Y =N,,.

Proof. For convergence in ¢;, we simply extend theorem 3.7, which proved that
each entry of p(z) converges pointwise uniformly at a rate of Op((n)\)_% + Az)
to the corresponding entry of p(x). Since each entry converges stochastically at
a rate of O,((n\)"2 + A2), then so does the entire vector. More formally, from
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(3.25) and (3.26), the ¢;-norm of the difference can be bounded,

1p() —p()ll, = lec pe()]

. 3.36
SZHMY\X::B _,UY|X::EHH5 ( )
c=1

:mHMY\X:x - ,UY|X:xHH6~

Therefore, by theorem 3.6 with v(x) = m independent of z € X', we have uniform
convergence in ¢; where we replace all instances of |f(z) — f(z)| in the proof of
theorem 3.6 with [[p(z) — p(z)]],,-

For convergence in {5, we show that the o-norm of the difference between the true
and empirical decision probability vector functions is the same as the RKHS norm
of the difference between the true and empirical conditional mean embedding,
which converges to zero at a stochastic rate of at least O,((nA)~z + A2) for all
x € X and c € Y = N,, by (3.20). To this end, we use lemma 3.1 and lemma 3.2

and write
1p(z) = (@), = I{Pe(x) ey — {Pe(@) il
= [{pc() —pc(rc) ez1lle,
= [{Ayx=2(c) = pyix=a(c)}ilull,, (3.37)
= ||ﬂY|X=x - ,uY|X:xH£2
= ||/lY|X::c - PJY|X:x||7_[57

where the last equality comes from (3.28) and the fact that the empirical and
true conditional mean embeddings are bounded functions in the RKHS. Again, by
theorem 3.6 with v(x) = 1 independent of z € X', we have uniform convergence in
ls. O

Finally, since the estimated decision probabilities converge, the estimated infor-
mation entropy also converges.

Theorem 3.8 (Convergence of Empirical Information Entropy Function). Assum-
ing that k(z,-) is in the image of Cxx, the empirical information entropy function
h:X =R (3.12) converges pointwise to the true information entropy function
h: X —[0,00) at a stochastic rate of at least O,((nA)~2 + A2).

Proof. Since we are interested in the asymptotic properties of our estimators when
n — oo, and we have proved that the empirical decision probabilities converges
to the true probabilities (theorem 3.7), the condition p.(x) > 0 holds for large n
such that we simply have ,(c) = —logp.(z). That is, the effects of clipping for
the information estimate (3.11) vanishes.
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Consider the pointwise absolute difference between the empirical and true infor-
mation entropy,

<ﬂY\X=x, ﬁ':c>’H5 - (ﬂY|X=m, U:c)m
+ iy | x=e) Ua) s — Py |X=2) Ua) 75 ]

< Wiy 1 x=a ta)3t; — (y | x =25 Ua) 34 ] (3.38)
+ ’<:&Y\X:xa U’SC>H5 - <PJY|X:$7U:IJ>H5|

= [{fiy|x=2> Ux — Ua) 25| + | (v |x=2 — By |X=0> Uz )Hs]|

< iy ix=a s 1w — well2s 4 1y 1x=2 — ty|x=c s | el 245

where to obtain the inequalities we used the triangle inequality and Cauchy Schwarz
inequality in a Hilbert space respectively. Since the kernel [ = ¢ is bounded, so is
Loy x=z(c) = > i w;id(y;, ¢) for some embedding weights w; and all ¢ € N,,,, and
thus its RKKHS norm is finite for all n € N,,. Similarly, assuming that p.(z) is never
exactly zero, u,(c) is also finite for all ¢ € N, and thus so is its RKHS norm. We
already know that || fy|x=2 — M| x—z|l2; stochastically converges to zero at the
rate Op((n)\)’% +A2) (3.20). Thus, it remains to bound ||di, — Uy ||l2; by a multiple

of HﬂY|X:m - NY|X=9EH7{5'

To this end, we first use lemma 3.1 and lemma 3.2 and to express the theoretical
and empirical information as the negative log of the embedding, so that it is
explicitly written as a function of ¢ € Y in H;s indexed by x € X,

UI(C) = - logpc(x) = - IOg :U’Y\sz(c)a

) ) (3.39)
iz (c) = —log pe(x) = —log fly|x=z(c).

Since log is a concave function, we have the property that loga —logb < %(a —b).
This allows us to bound |, (c) — uz(c)| by |fiy|x=z(c) — py|x=z(c)| for all ¢ € N,y,,

|ZALZ(C> - UI<C)| = “Og [J’Y\X:z(c) - log MY'X:CIE(C)|

1 .
< mlunx:x(@ — fy|x=2(C)] (3.40)

< az‘,aY|X:x(C) - MY|X:I(C>”
1

Ity | x=a(c)]’
mean embedding is bounded. Since the RKHS norm of bounded functions in Hs

where we define o, := max.en,, which is well defined as the conditional
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is simply the fo-norm of their vector representations (3.28), we have

[ — a3y, = 0 — |7,
= ia(c) — uy(c)?
c=1
< aa:laYX—xc — My |x=2\C
; |y x=2(c) x=z(0)] (3.41)
m
<> |jivix—a(c) = piyix—s(c)]?
c=1
S a:QEHI:LY\X:x - ”’Y\X:xH?Q
< O‘iHﬂY\ch - ,UYIX:xH%t(;'
Therefore, ||ty — Uz |2, < | fiy|x=c — Hy|x=z|/ns, and (3.38) becomes
|h(z) = h(@)] < ||y x=e o 1t — wallag + [[Avix=2 =ty x= 7 1]
= Oy 1 =z 1 =z — =x
||MY|X ||H5||MY|X Hy|x ||H5 (3'42)

+ avix=e = fvix=allas el 2

= (gl ity x =225 + |t lns) |y x=2 — Hy|x=c2;-

Hence, with v(2) = o || foy|x=s |21, + ||ttz]|7,, theorem 3.6 implies that h converges
pointwise to h at a stochastic rate of at least Op((n/\)_% + \2). O

3.8 Learning Theoretic Bounds and Proofs

In this section we derive RCBs for MCEs, and show that it can be used in conjunc-
tion with cross entropy loss to bound the expected risk with high probability. This
section contains the proofs for theorems claimed in section 3.5, as well as detailed
discussions on how the theorems and proofs were motivated and constructed.

3.8.1 Rademacher Complexity Bounds

Suppose a set of training data {z;,y;}!, is drawn from Pxy in an iid fashion. We
denote the one hot encoded target labels of {y;}7; by y; := {1.(y;)}™, € {0,1}™
and Y := [yl yo - yn]T € {0,1}™™. Similarly, let y € {0,1}" denote the
one hot encoded target labels for a generic label y € Y. Let kg : X x X — [0, 00)
be a family of positive definite kernels indexed by 6 € ©. As before, we define the
shorthand notation for the gram matrices Ky := {kqo(x;, ;) : 4 € N,,, j € N,,} and
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ko(z) := {ko(zs,z) : i € N, }, and A denotes the regularization hyperparameter of
the conditional mean embedding (3.1). The MCE has a predictor form p(z) =
fy A(x) (3.5) defined by

for(z) == YT (Ko +n\l) 'ky(z), (3.43)

where each entry of the predictor fy,(x) is the decision probability estimate for
pe(x). This defines the function class of the predictor over the kernel family
and a set of regularization hyperparameters for any set of training observations
{xia Yifie1;

Fn(@,A) = {fg)\(ﬂf) e, \e A} (344)

The predictor form (3.43) is linear in the reproducing kernel Hilbert space Hy,
induced by kg in the sense that

for(x) == Wido(z),

B (3.45)
Wg)\ = CI)@(KQ + n/\]) Y,

where we decompose kg (x) = @] ¢g(x) by the reproducing property. By lemma 3.2,
for(z) = pon(z) = Ng/\x L= Ye‘;} ¢g(x). Therefore, we have that L?}(,ﬁ));) = Wy,
Throughout this paper, inner products are defined in the Hilbert-Schmidt sense,
which induces the Hilbert-Schmidt norm ||- || zs and generalises the Frobenius inner
product with induced norm || - ||, for finite dimensional operators. Nevertheless,
while they refer to the same quantity, we will use the standard notations ||Z;I$G( s
as per the literature in Hilbert space embeddings and ||[Wj »||+ as per the literature
for linear classifiers.

Theorem 3.9 (MCE Rademacher Complexity Bound). Suppose that the trace
norm ||[Wyxllee < p is bounded for all @ € ©,\ € A. Further suppose that the
canonical feature map is bounded in RKHS norm ||¢9(x)||§{k€ = ko(z,x) < a?,
a >0, for allx € X,0 € ©. For any set of training observations {x;, y;}1',
the Rademacher complexity of the class of MCEs F,(©,A) (3.44) defined over
0 € O,\e A is bounded by

Rou(Fn(©,A)) < 2ap. (3.46)

Proof. The Rademacher complexity [Bartlett and Mendelson, 2002, Definition 2]
of the function class F,,(©,A) is

Ro(F(0,A)) = [ sup H—Zolf“

0O, cA

TN paraeall!

n
peoxer Il “—
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where o; are iid Rademacher random variables, taking values in {—1, 1} with equal
probability, and X; are #id random variables from the same distribution Py as our
training data. We further define o := {o;}}" ;.

We first bound the term inside the supremum using the Cauchy Schwarz inequality,

H Zaife,A(Xi) = H Z Uz‘WeT,A%(Xi)
i=1 i=1
— |wih@o |
H 8A=0 (3.48)

< [Wo il @oa]]

< [Wollulll|®5 llex [l

= [Wolluelll|®ollu:llol],
where we define the random operator ®4 := [¢(X1) ¢(X2) -+ ¢(X,)]. Note

that this is distinct from @y, whose columns are the canonical RKHS features
at the training observations and is not random. Now, random or not, entries of
o := {o;}, are either —1 or 1, so its norm is simply ||o|| = y/n. We can then
also compute the trace norm of the other random component ®,,

| ®g]|ir :=1/ trace(PL ®y)
=/ trace(Kjy)

= ikO(Xini)
\ =1

(3.49)

n
— > e
\ =1
2

=Vno

=v/na,

where the inequality comes from the assertion that ky(z,r) < o? forallz € X,0 €
©. This bounds all the random components in the expectation by a constant, so
that later the expectation can vanish.
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Using the assertion that |[Wy, || < p for all € ©, X € A, we can now bound the
Rademacher complexity,
} Z oifor(X;) }
i=1

2
s—E[ sup ||W9,A||tr||<1>e||tr||a|r}
n AEO,NEA

2
0.0 = e[ g

2
:—\/EE[ s ||W97A||tr||<1>e||tr]
n [ASISIHIIIN

) (3.50)
g—\/ﬁ\/ﬁ(xE[ sup HWQ,AHtr]
n 9cONEA
§2aE[ sup ||W0,)\||tr}
9cONEA
=2a sup ||[Woillu
9cO NN

< 2ap.

]

Theorem 3.9 provides a generic Rademacher complexity bound for any type of
MCE with a bounded positive definite kernel and bounded trace norm. One of
the most widely used kernels in practice are the family of stationary kernels. We
provide a more specific bound for the case of stationary kernels below.

Corollary 3.1 (Rademacher Complexity Bound for Stationary Kernels). Suppose
that the trace norm |[Wo ||t < p is bounded for all & € ©,\ € A. Suppose that kg
is a family of positive definite stationary kernels. That is, ke(x,2') = k(|| — 2'||)
for some real-valued function k : [0,00) — [0,00). Select § € © and define O(f)

such that kg(0,0) < k;(0,0) for all 6§ € ©(8). For any 0 € © and set of training
observations {x;, y; }1,, the Rademacher complexity of the resulting class of MCFEs

F.(©(0),A) defined over 8 € ©(0),\ € A is bounded by
R (En(0(0),A)) < 2p1/k;(0,0). (3.51)
Proof. Observe that k;(0,0) is an upper bound for kg(x,z) for all z € X and
0 €0,
ko(w,x) = ko(|lz — x||) = Ko([|0]]) = k4(0,0) < k5(0,0). (3.52)

We simply choose a? = k4(0,0) in theorem 3.9. O

Corollary 3.1 motivates the choice a*(f) = kq(0,0) = o7 for stationary radial basis
type kernels such as the Gaussian or Matérn kernels, where o is the sensitivity
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[Rasmussen and Williams, 2006] of the stationary kernel, which we employ in our
learning algorithm when the kernel is stationary.

3.8.2 Expected Risk Bounds

In order to quantify the performance of the MCE, we specify a loss function
L:YxA— [0,00), where L(y, f(z)) measures the loss of a decision function
f: X — Aon a paired example z € X and label y € Y. In the MCE context, the
decision function is fp )\ : X = R™, with A = R™ and Y = N,,,. The loss function
is to capture the desire for y”fj ,(z) = flge’k)(x) to be high for all likely test points
reXandye).

A suitable choice of the loss function in the probabilistic multiclass classification
context is the cross entropy loss,

L(y,f(z)) := —logy”f(z) = —log f, (), (3.53)

where f(x) are the inferred decision probability estimates of each class for the
example x € X. Since logarithms explode at zero, in practice the probability
estimate is often clipped from below at a predetermined threshold € € (0,1). Fur-

thermore, it is also convenient to clip the probability estimate from above at one to

1

avoid negative losses. Consequently, with the notation [ - |! := min{max{ - , €}, 1},

we define the effective cross entropy loss as

L(y,f(x)) == —log [y f(2)]c = —log [f,()];. (3.54)

In this way, our cross entropy loss (3.54) is both bounded and positive. In our
subsequent analysis, we require that our loss function has an image in [0,1]. To
do this, we simply rescale the loss function by dividing it by its largest value,

_ 1 1

Loy, #(z)) 1= gLy, £z) = -

M, = —loge.

a7, oslfu(@)le, (3.55)

We will refer to (3.55) as the normalized cross entropy loss. We then further define
the centered normalized cross entropy loss,

£y £(e)) = Lo £(a)) = £3,0) = 5 bog f@)) 1. (3.56)

With the normalized cross entropy loss (3.55) as our loss function, we now employ
Theorem 8 of Bartlett and Mendelson [2002] for this loss and provide a bound for
the expected normalized cross entropy loss for an unseen test example.
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Lemma 3.4 (Expected Risk Bound). For any integer n € Ny and any set of
training observations {x;, y; }*_,, with probability 1 — (3 over iid samples { X;, Y},
of length n from Pxy, every f € F,(©,A) satisfies

1 8. 2
7 EIL(Y, f(X i Ro(Leo Fo(©,A)) + Elogg.
(3.57)

Proof. Since L. : YxA — [0, 1] has a unit range and dominates itself, L.(y, f(x)) <
L.(y, f(z)), the result follows directly from Theorem 8 of Bartlett and Mendelson
[2002]. We then use the definition (3.55) for the normalized cross entropy loss. [

Equivalently, by definition (3.44), this result holds for f = fy\(z) for every 6 €
©,\ € A. The bound (3.57) involves the Rademacher complexity R,,(£.0F,(©, A))
of the centered normalized cross entropy loss applied onto the class of functions
F,.(0,A), and not just the Rademacher complexity R, (F,(0,A)) of the class of
functions F,(©,A) itself. In theorem 3.9, we have bounded the latter. We now
proceed to bound the former with the latter (3.46), so that the upper bound in
lemma 3.4 can be written in terms of the latter.

Lemma 3.5 (Rademacher Complexity Bound with Cross Entropy Loss). For any
integer n € Ny and any set of training observations {x;,y;}1,, the Rademacher
complexity of the class of cross entropy loss applied onto the MCFE is bounded by

Ru(Le 0 Fy(0,A)) < 2—— R (Fa(, ), (3.58)

elog <

where L. o F,(0,A) = {(z,y) — L(y,for(z)): 0 € O, A}

Proof. Let ¥(z) := —-- log[ ]! —1 so that 1) : R — R satisfies 1)(0) = 0. Then, the

centered normalized cross entropy loss can be written as L (y, f(x)) = @D( fy(2)). 1
particular, ¢( ) is piecewise differentiable. We proceed to show that w is LlpSChltZ
by showing that the supremum of its absolute derivative over all piecewise regions
is finite, and thus infer its Lipschitz constant.

The real-valued function Qﬁ can be split into three piecewise regions over the real
domain,

O’ EAS (_0076]7
U(2) = —qlogz — 1, z € (1), (3.59)
_]-7 A [].,OO)
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The derivative over the regions z € (—o0, €] and z € [1,00) is thus 0 and the local
Lipschitz constant over that region is thus 0. We then focus on the other region,
1

1 1 1
= su = .
T ey M. €M,  elog?

sup [¢'(2)] = sup (3.60)

2€(e,1) z€(e,1)

Thus, ¢ is Lipschitz with a Lipschitz constant of L;=

1
elog 1~

For a given general loss function £, Ledoux and Talagrand [2013, Corollary 3.17]
proved that if there exists a Lipschitz real-valued function ¢» : R — R, (0) = 0,
with constant L, such that L(y, f(x)) = ¥(f,(x)), then R, (Lo F) < 2L,R,(F)
for any class of functions F'. This result is also described in Bartlett and Mendelson
[2002, Theorem 12.4].

. with ¢y = ¢ and F =
), which proves the claim.

[]

Applying this result to our loss function with £ = £
F,(©,A), we have R,,(L.0 F,(©,A)) < 2L;RA(Fu(©,A)

The bound (3.58) in lemma 3.5 will be the bridge that relates the expected cross
entropy loss over our function class to the Rademacher complexity of our function
class. We now proceed to state the main theorem which forms the backbone of
our learning algorithm for the MCE.

Lemma 3.6 (MCE e-General Expected Risk Bound). Suppose that the trace norm
|Worllte < p is bounded for all 8 € O, € A. Further suppose that the canonical
feature map qug(x)H%{ke = ko(x,2) < o, a > 0, is bounded in RKHS norm for
all x € X,0 € ©. For any integer n € N and any set of training observations
{i, y; Y1, with probability of at least 1 — 3 over iid samples {X;,Y;}1; of length

n from Pxy, every f € F,(0, ) satisfies
8 2
—log — 3.61
apﬂ/n % 3 (3.61)

for any e € (0,1). Equivalently, the bound (3.61) holds for f = fy \(x) for every
0O, e

iy

Proof. From theorem 3.9, we have R, (F,,(©,A)) < 2ap. Further, from lemma 3.5,
we have R, (L. o F,(0,A)) < 2@73”(}7”(@,/\)). These are both deterministic

inequalities, leading to Rn(ﬁean(G, A)) < 46101g rap. We then apply this inequal-

ity to lemma 3.4, which proves the claim. O

Similar to many learning theoretic bounds, the expected risk bound (3.61) is com-
posed of three qualitatively different terms. The first term is a training loss or
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data fit term, which is a measure of how poorly the decision function f is per-
forming on a given training dataset. The second term is a model complexity or
regularization term, which measures how complicated the model is. In this case,
the model complexity is measured by the Rademacher complexity, which captures
the expressiveness of the function class by quantifying how well the function class
is able to shatter noise. The third term is a statistical constant which plays no
specific role to the function class.

We will eventually be minimizing the first two terms over some class of functions
f € F,(0,A) with some approach, as a proxy to minimizing the actual expected
risk. It would be fruitful to develop an intuition for the tightness of the bound
from the contributions of the training loss term and the model complexity term.
Since, like the expected loss, the training loss term is always in the unit range
0, 1], we focus on understanding the tightness of the bound contributed from the
complexity term.

Consider a clipped cross entropy loss with either a very small clipping factor € ~ 0,
or a very large clipping factor € &~ 1. In these scenarios, € log % would be very small,
so that the coefficient on the complexity term would then be very large, regardless
of what the complexity bound factors o and p are. As a result, intuitively, this
bound is unlikely to be tight due to the large coefficient on the complexity term.

Consequently, it would then be natural to consider a middle-ground choice of the
cross entropy loss where this bound is the most tight by varying € € (0,1). Since
elog % is maximized at € = % for a maximal value of %, such a choice in the clipping
factor would indeed yield the tightest bound for the complexity bound in terms of
the bounding slack of the result stated in lemma 3.5.

This is great news for the complexity term. What about the training loss term?
Intuition tells us that, with a clipping factor of € = e~! that is slightly more
than a third of the way into the interval (0,1) from zero, the classifier is not
being penalised as strongly for assigning probabilities smaller than e~! to observed
classes as compared to very small values of €. Furthermore, beyond the clipping
point, assigning even lower probabilities to the observations does not result in a
higher loss. In practice, the cross entropy loss is renowned for its rapidly growing
penalty as the probability assignment gets lower, which is advantageous when
using a gradient based optimization scheme. In this case, the gradients are large
in magnitude and the classifier can adjust and fix these assignment errors relatively
quickly. In other words, by using a slightly larger clipping factor than usual, we
have seemingly lost the faster convergence properties from using a cross entropy
loss.

Nevertheless, observe that for such a clipping factor € = e~!, the normalization
constant becomes M,-1 = — log% = 1, so that it is effectively removed. Further-
more, we also have the following simple upper bound for the cross entropy loss



Kernel Hyperparameter Learning with Rademacher Complexity Bounds 73

clipped at € = e 1,

Cei(y, [(2) = Lea(y, f(2) < Lely, f(2)) Vee (0,e7),zeX,ye). (3.62)

To see why inequality (3.62) holds, note that [f,(z)]! < [f,(x)]l., holds for all
€ (0,e7),x € X,y € Y. Applying negative log to both sides yields the inequality
from definition (3.54).

Therefore, we propose to choose € = e~!, and then replace replace £,-1 with £, for
some new generic € € (0, e~!) much smaller than e! on the training loss terms. In
this way, we still maintain an upper bound for the training loss term. While this
bound would not necessarily be tight for high training losses, the gradients from
the high training loss would drive the system to a lower training loss, where the
bound would become tight again as equality holds in (3.62) whenever f,(z) > e}

The above intuition motivates the result in the following theorem.

Theorem 3.10 (MCE e-Specific Expected Risk Bound). Suppose that the trace
norm ||Wyxllee < p is bounded for all § € ©,\ € A. Further suppose that the
canonical feature map H(ﬁg(:v)H%{kg = ko(z,z) < o?, a > 0, is bounded in RKHS
norm for all x € X 0 € ©. For any integer n € N, and any set of training obser-
vations {x;, y; }1_y, with probability of at least 1 — 5 over iid samples {X;, Y;}; of
length n from Pxy, every f € F,(©,A) satisfies

E[Lo (Y, f(X Zz (Vi f(X +4eap+,/%10g%, (3.63)

for any € € (0,e™1). Equivalently, the bound (3.63) holds for f = f5 () for every
0O, e

Proof. We first apply lemma 3.6 with € = e~ !,

E[L— (Y, f(X ZﬁelYl,f )+4eozp+~/%log%. (3.64)

For any € € (0,e7!), the inequality £.-1(Y;, f(X;)) < L(Y;, f(X;)) holds almost
surely (a.s.) due to the deterministic inequality (3.62). These sets of inequalities
together proves the claim. O]

3.8.3 Hyperparameter Learning

We are now ready to use the result of theorem 3.10 to derive a specific expected
risk bound for a given choice of hyperparameters § € © and A € A of the MCE,
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and not just for a general set of hyperparameters. We focus on kernels ky that are
bounded over the domain X in the sense that for each 6 € ©, ky(z,x) < oo for all
reX.

For some kernel hyperparameters 6 € O and regularization hyperparameter A €A,
we construct a subset of hyperparameters (kernel hyperparameters and regular-
ization hyperparameters) =Z(6,\) C © x A such that

sup ko(z, 7) < o*(0) := sup ky(z, z)}.
zeX reX

5(57 /N\) = {(‘97 )‘) €O xA: ||W9,>\||tr < ||W§,5\||tr’
(3.65)

Clearly, this subset is non-empty, since (9~, 5\) € (A, \) is itself an element of this
subset. Note that a : © — R, must necessarily exist as the kernel family ky is
assumed to be bounded over the domain X. The class of MCEs over this subset
of hyperparameters is

FL(2(0,0) == {f(x) : (6,)) € (6, \)}. (3.66)

Thus, we can assert that the trace norm |[Wy |l < p = |[Wj 5]l is bounded for
all (A,\) € 2(6,)), and that the canonical feature map ||¢9(a:)||%{k9 = ky(x,z) <
a? = sup, y k3(, ) is bounded in RKHS norm for all z € X, (6, \) € Z(f, \). By
theorem 3.10, we can now claim the following.

Lemma 3.7 (MCE Expected Risk Bound for Hyperparameter Sets). For any
integer n € Ny and any set of training observations {x;,y;}1,, with probability
1 — B over iid samples {X;,Y;}7_, of length n from Pxy, every (6,)\) € Z(6,))
satisfies

EC, (V. E0r (X)) £+ 30 2.0, fa(X0)

— (3.67)
+4e, [sup kg(z, )Wy 3]l + 4/ = log =,
reX ’ n 5
for every e € (0,e™1), where
fg’)\(ai) ZIYT(KQ + n)\])’lkg(x),
(3.68)

Wi sl :\/trace (YT(Ké + M)LK (K + nil)—lY) .

Proof. We first apply theorem 3.10 with the choice of p = [|[W;5][ and a? =
sup,cy kg(z,z). The inequality (3.63) then only holds for a subset of kernel hy-
perparameters and regularizations (6, \) € Z(0, \) as defined by (3.65). O
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Since inequality (3.67) holds for any (6,1) € Z(6,\) and we know that (6, )) €
=(6,\), we choose # = 0 and A = . We now arrive at our final result from which

we can bound the expected risk for a specific choice of hyperparameters 6 € ©
and A € A.

Theorem 3.11 (MCE Expected Risk Bound for Hyperparameters). For any in-
tegern € Ni and any set of training observations {x;, y;}"_,, with probability 1 —
over #id samples { X;,Y;}"_ of length n from Pxy, every 0 € © and X\ € A satisfies

B, (Y, B (V)] € 30 £V (X)) + e r(0,1) + ol (69

for every e € (0,e!), where

fg)\(l') = YT(KQ + n)\f)*lkg(x),

(3.70)
r(@,\) = \/trace <YT(K9 + nA) 1Ky (Ky + nAI)—1Y> sup kg(x, x).

reX

Proof. We first apply lemma 3.7 with the choice of § = 6 and A = X\. We then
replace the notation § — 6 and A — X back to avoid cluttered notation. Note that
this should not be confused with the general 6§ and A from earlier theorems. [

3.9 Model Architectures

For MCEs, the modeling lies in the choice of the kernel family ky : X x X — R over
the input space X'. The only requirement for the kernel k is that it is symmetric
and positive definite, and thus we may construct richer and more expressive kernel
families in any way subject to such requirements. Once such a kernel family is
constructed, the kernel hyperparameters 6, as well as the regularization hyperpa-
rameter A\, can be learned effectively using algorithm 1. Our learning algorithm
does not restrict the way the kernel ky is constructed from its hyperparameters
0 e 0o.

One way to construct richer and more expressive kernels is to compose them
from simpler kernels. For example, we can construct new kernels through convex
combinations or products of multiple simpler kernels [Genton, 2001]. Any new
parameters, such as coefficients for linear combinations of simpler kernels, can
be included into the kernel hyperparameters 6 and learned in the same way as
before. Alternatively, there may be domain specific structures or representations
within the data that can be exploited. We can then construct the kernel family
by incorporating such structural representations into the kernel. Even better, we
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TABLE 3.1: Properties of MCE model architectures

MCE Variant Width  Depth Scalability Flexibility Typical Datasets

Implicit MCE ~ Wide Shallow Low High High or Low d, Low n
Explicit MCE Narrow Shallow High Low Low d, High n

Implicit CEN ~ Wide Deep Low High Structured d, Low n
Explicit CEN  Narrow  Deep High High Structured d, High n

can construct the kernel family so that it is capable or learning such structural
representations by itself, by parameterizing such representations into the kernel.

In this section, we focus on special cases of the MCE where the kernel family is
constructed through explicit feature maps. This construction allows the incor-
poration of trainable domain specific structures and enables scalability to larger
datasets. We first begin by introducing the explicit MCE in section 3.9.1, where
explicit feature maps can be learned while enabling scalability to larger datasets.
We then construct the conditional embedding network (CEN) in section 3.9.2,
where the kernel family is formed from multiple layers of learned representations
before a simpler kernel encodes their similarity for inference. Finally, we marry
both constructions into the explicit CEN in section 3.9.3, which provides a scalable
and more applicable version of the deep CEN by placing a linear kernel on the
network features.

In essence, we can categorize MCE model architectures using two properties: the
model width and the model depth. The model width represents the dimensionality
of the feature space used to construct the linear decision boundaries. The model
depth represents the number of transformations used to map examples from the
input space to the feature space. By implicitly defining a high dimensional feature
space through simple transformations, typical nonlinear kernels produce classifiers
that have a shallow but wide architecture. In contrast, the three MCE variants
to be introduced in this section form other combinations of model architecture
in both depth and width. Of course, as a direct consequence of the kernel trick,
this characterization of architecture is not mutually exclusive. For example, a
polynomial kernel can be seen as a nonlinear kernel where higher order polynomial
features are implicitly defined, or as a linear kernel on explicit polynomial features.
We summarize those architectures in table 3.1.

3.9.1 Explicit Multiclass Conditional Embedding

The advantage of using a kernel-based classifier is that the kernel k allows us
to express nonlinearities in a simple way. It does this by implicitly mapping
the input space X to a high dimensional feature space H; of non-linear basis
functions such that decision boundaries become linear in that space. For many
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kernels, such as the Gaussian kernel defined over the Euclidean space, the feature
space Hy has dimensionality that is uncountably infinite. Nevertheless, by virtue
of the Representer Theorem [Kimeldorf and Wahba, 1971], the resulting decision
functions can be represented by a finite linear combination of kernels centered at
the training data, and the MCE is no exception. This elegant and convenient
result enables exact inference to be performed while only requiring a finite kernel
gram matrix of the size of the dataset (n x n) to be computed. In this way,
the capacity of the model grows with the size of the dataset, which makes kernel
methods nonparametric and very flexible, as it can adapt to the complexity of a
dataset even with relatively simple kernels.

However, this elegant property is also the very reason that prevents kernel-based
methods from scaling to larger datasets, as the size of such a gram matrix grows
very quickly by O(n?). Many kernel-based methods also require the inversion of
a regularized gram matrix, which has a time complexity of O(n?), and cannot
be easily parallelized like standard matrix multiplications. As such, inference on
datasets beyond tens of thousands of observations quickly becomes impractical to
perform with kernel-based techniques.

In order to scale to big datasets, instead of placing a kernel over the input space
directly and let it implicitly define the feature space, we explicitly define a finite
dimensional feature space Z C RP of lower dimension p, where p < n, and place
a linear kernel over it. That is, we specify a family of explicit features maps
py : X — Z, and place a linear kernel on top of these explicit features,

ko(z,x") = po(x)" po("). (3.71)

By explicitly defining a finite dimensional feature space, the matrix to be inverted
during both learning and inference in the MCE can be reduced from size n x n
to size p X p by using the Woodbury matrix inversion identity [Higham, 2002],
reducing the time complexity to O(p® + np?). This allows scalable learning for
n >> p even without using batch gradient updates. For inference, standard
map reduce methods can be used. We use this identity to modify algorithm 1
to algorithm 2 to exploit this computational speed up.

However, with a fixed and finite amount of feature basis, the model becomes para-
metric and its flexibility is compromised. In other words, the model is narrow in
the number of feature representations. We therefore turn to multi-layered feature
compositions, where the flexibility of a model comes from the deep architecture
instead of implicit high dimensional features.
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Algorithm 2 MCE Hyperparameter Learning with Stochastic Gradient Updates:
Parametric Model Architecture with Explicit Features

1: Input: feature family @y : X — Z C RP, data {x;,y;}",, feature parameters
0y, regularization hyperparameter Ay, learning rate 7, batch size n,
2: 0 00, A )\0

3: repeat

4:  Sample the next batch Z, C N, s.t. |Z,| = ny

5 Y« {0(yi,c) ;i € Ly,c € N} € {0, 1}mwxm
6:  Zg <+ {pg(x;) i €Ly} € Rmxp
7. Ly < cholesky(Z] Zy + ny\I,) € Rprx»p
8: W97>\ — LZ?A\(LQ)\\ZGTY) € Rpxm
9: Pg,)\ — ZgWg})\ € Rmwxm

10 7(6,0) = a(0)y/ 30, S0 (Won)2,

11: Q(Q, )‘) A nib Z:'L:bl £€((Y)la (P97>\)i> +4e 7"(9, )‘)

12: (0, \) + GradientBasedUpdate(q, 8, \;n)

13: until maximum iterations reached

14: Output: kernel hyperparameters 6, regularization hyperparameter A

3.9.2 Conditional Embedding Network

For many application domains, there are natural structures in the data. For
example, in image recognition, pixel dimensions are spatially correlated: nearby
pixels are more related, and ordering between the pixel dimensions matter. One
would expect convolutional features [LeCun et al., 1998] to be natural in this
domain, and provide a performance boost to our classifier should it be included.
In this way, we can often benefit by including domain specific structures and
features into our model.

In this section, we focus on constructing kernels for which inputs z, 2’ € X is to
undergo various stages of feature transformations before such it is passed into a
simpler kernel k that captures the similarity between the representations. Specif-
ically, we pay particular attention to feature transformations in the form of a
perceptron, so that the cumulative stages of feature transformation become the
(feed-forward) multi-layer perceptron that is familiar within the neural network
literature.

Formally, let Fy := X be the original input space. The j*" layer of the network
cp((fj ) Fiov — F;,j =1,2,..., L is to transform features from the previous layer
to features in the current layer, where L is the total number of such feature trans-

formation layers, and 0; € ©; parametrizes each of those transformations.

For example, in a typical multi-layer perceptron context, each layer can be written

as <péj,) (x) = o(W,x + b;), where W, and b; are the weight and bias parameters

J
of the layer, and o is an element-wise activation function, typically the rectified
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linear unit (ReLU) or the sigmoid. In this case, the layer is parametrized by

ej = {VV]?b]}

Let kg, : F» X F, — R be parametrized by 6y € 6. We will construct our kernel
network k by

L L-1 2 1
ko(w, ") := ko, <¢§L) (sﬁéu) (- (wéf(@))) ,
L L-1 2 1
(A () )

where 0 = (61,0,,...,01 1,00,00)) EO =060, ---®0, 1RO, ® O, are the
collection of all parameters of each layer and the kernel .

(3.72)

In order to train the multi-layered representations in an end-to-end fashion, we
employ algorithm 1. With a deep architecture, the feature representations the
CEN can learn are very flexible, and can work very well for structured data by
employing suitable network architectures.

If we choose to employ nonlinear kernels , the model architecture is also wide in
that an even higher dimensional feature space is implicitly defined on top of the
feature space of the last network layer. Despite its supreme flexibility, this again
prevents the model from being scalable. We therefore turn to the specific case
where we employ a linear kernel x on top of the multi-layered features.

3.9.3 Explicit Conditional Embedding Network

The explicit CEN is simply a special case at the intersection of the explicit MCE
and the CEN. From the explicit MCE perspective, we simply choose the feature
map () = gpéi) (go((i;l)( . goé?(goé?(x)))). From the CEN perspective, we sim-

ply choose k(z,2') = 272’ to be a linear kernel.

This model architecture is a very practical and powerful form of the MCE. By
having a deep architecture, the classifier is still capable of learning flexible repre-
sentations on structured data, while being able to scale to larger datasets due to
the linear kernel at the output layer, provided that the dimensionality of the last
layer is relatively small compared to the size of the dataset.

An extremely useful example is when the features are formed from a deep convo-
lutional neural network (CNN) for image datasets, where the CEN could leverage
from the inductive bias the convolutional features provides while benefiting from
improved tractability.
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F1Gure 3.1: Rademacher complexity balanced learning of hyperparameters for
an isotropic Gaussian MCE using the first two attributes of the iris dataset

As a subclass of explicit MCE, we can employ algorithm 2 to learn the multi-
layered features effectively. In fact, by not mapping the multi-layered features
into a nonlinear kernel, the gradients for each network weight and bias are usually
more pronounced, and learning is usually faster in comparison. This approach was
used to train the neural network features in our experiments.

3.10 Experiments

3.10.1 Toy Example

The first two of four total attributes of the iris dataset [Fisher, 1936] are known to
have class labels that are non-separable by any means, in that the same example
r € R? may be assigned different output labels y € N3 := {1,2,3}. In these
difficult scenarios, the notion of model complexity is extremely important, and
the success of a learning algorithm greatly depends on how it balances training
performance and model complexity to avoid both underfitting and overfitting.

Figure 3.1 demonstrates algorithm 1 with full gradient updates (n, = n) to learn
hyperparameters of the MCE on the two attribute iris dataset. The kernel used
is isotropic Gaussian with diagonal length scales 3 = *I, and sensitivity a = o7,
so that the hyperparameters are § = («,¢) and A\. We evaluate the performance
of the learning algorithm on a withheld test set using 20% of the available 150
data samples. Attributes are scaled into the unit range [0, 1] and decision proba-
bility maps are plotted for the region [—0.05, 1.05]?, where the red, green, and blue



Kernel Hyperparameter Learning with Rademacher Complexity Bounds 81

TABLE 3.2: Test accuracy (%) on UCI datasets

Method banknote ecoli robot segment wine yeast

GMCE 999+02 875+44 96.7+09 984+08 972+3.7 525£21
GMCE-SGD  98.84+09 845+£50 955£09 96.1+15 93.3+£6.0 60.3+44
CEN-1 99.5+1.0 875+32 823+71 946+£16 96.1£50 55.8+5.0
CEN-2 99.4£0.9 86.3+6.0 945+08 96.7£1.1 972£51 59.6+4.0
ERM 9994+0.2 721+20.5 91.0+3.7 981+11 939+52 459+6.4
Y 9994+0.2 73.8+238 909+34 983+£13 933£74 58.0%5.8
MLH 92.0+4.3 42.1£477 81.1+£6.2 2734264 933+£78 3124141
Others 99.78? 81.1° 97.59° 96.83¢ 100° 55.0°

color channels represent the clip-normalized decision probability (3.6) for classes
c=1,2,3. We begin from two initial sets of hyperparameters, one originally over-
fitting and another underfitting the training data. Initially, both models perform
sub-optimally with a test accuracy of 56.67%. We see that the RCB r(6, \) appro-
priately measures the amount of overfitting with high (resp. low) values for the
overfitted (resp. underfitted) model. We then learn hyperparameters with algo-
rithm 1 for 500 iterations from both initializations at rate n = 0.01, where both
models converges to a balanced model with a moderate RCB and an improved test
accuracy of 73.33%. In particular, the initially overfitted model learns a simpler
model at the expense of lower training performance, emphasizing the benefits of
complexity based regularization, without which the learning would only maximize
training performance at the cost of further overfitting. Meanwhile, the initially
underfitted model learns to increase complexity to improve the sub-optimal per-
formance on the training set.

3.10.2 UCI Datasets

We demonstrate the average performance of learning anisotropic Gaussian kernels
and kernels constructed from neural networks on standard UCI datasets [Bache
and Lichman, 2013], summarized in table 3.2. The former has a shallow but wide
model architecture, while the latter has a deeper but narrower model architec-
ture. The Gaussian kernel is learned with both full and batch stochastic gradi-
ent updates, referred as Gaussian multiclass conditional embedding (GMCE) and
GMCE-stochastic gradient descent (SGD) respectively, using a tenth (n, ~ ;) of
the training set each training iteration, with sensitivity and length scales initial-
ized to 1. For CENs, we randomly select two simple fully connected architectures
with 16-32-8 (CEN-1) and 96-32 (CEN-2) hidden units respectively, and learn the
conditional mean embedding without dropout under ReLLU activation. Biases and
standard deviations of zero mean truncated normal distributed weights are initial-
ized to 0.1, and are to be learned with full gradient updates. For all experiments,
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A is initialized to 1 and is learned jointly with the kernel. Optimization is per-
formed with the Adam optimizer [Kingma and Ba, 2016] in TensorFlow [Abadi
et al., 2016] with a rate of n = 0.1 and ¢ = 107! under the learning objective
q(0,\) (3.18). Learning is run for 1000 epochs to allow direct comparison. All
attributes are scaled to the unit range. Fach model is trained on 9 out of 10 folds
and tested on the remaining fold, which are shuffled over all 10 combinations to
obtain the test accuracy average and deviation. We compare our results to MCEs
whose hyperparameters are tuned by ERM (without the RCB term in (3.18)),
CV, and the MLH, as well as to other approaches using neural networks [Freire
et al., 2009, Kaya et al., 2016, a; c|, probabilistic binary trees [Horton and Nakai,
1996, b, decision trees [Zhou et al., 2004, d], and regularized discriminant analysis
[Aeberhard et al., 1992, e].

Table 3.2 shows that our learning algorithm outperforms other hyperparameter
tuning algorithms, and performs similarly to competing methods. Our method
achieves this without any case specific tuning or heuristics, but by simply plac-
ing a conditional mean embedding on training data and applying a complexity
bound based learning algorithm. The stochastic gradient approach for Gaussian
kernels performs similarly to the full gradient approach, supporting the claim of
theorem 3.5 for n = n,. For CENs, we did not attempt to choose an optimal
architecture for each dataset. The learning algorithm is tasked to train the same
simple network for different datasets using 1000 epochs to achieve comparable
performance.

3.10.3 Learning pixel relevance

We apply algorithm 1 to learn length scales of anisotropic Gaussian, or ARD,
kernels on pixels of the MNIST digits dataset [LeCun et al., 1998]. In the top left
plot of figure 3.2, we train on datasets of varying sizes, from 50 to 5000 images, and
show the accuracy on the standard test set of 10000 images. All hyperparameters
are initialized to 1 before learning. We train both SVCs and GPCs under the
OVA scheme, and use a Laplace approximation for the GPC posterior. In all cases
MCEs outperform SVCs as it cannot learn hyperparameters without expensive
cross validation. MCEs also outperform GPCs as more data becomes available.
Under the OVA scheme, the GPC approach learns a set of kernel hyperparameters
for each class, while our approach learns a consistent set of hyperparameters for
all classes. Consequently, for 5000 data points, the computational time required
for hyperparameter learning of GPCs is on the order of days even for isotropic
Gaussian kernels, while algorithm 1 is on the order of hours for anistropic Gaussian
kernels even without batch updates. We also compare hyperparameter learning
with and without the RCB. For small n below 750 samples, the latter outperforms
the former (e.g. 86.69% and 86.96% for n = 500), while for large n the former
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FIGURE 3.2: Top: Test accuracy by learning Gaussian kernels (left) and deep
convolutional features (right); Bottom: Learned pixel length scales with ARD

outperforms the latter (e.g. 96.05% and 95.3% for n = 5000). This verifies that
complexity based regularization becomes especially important as data size grows,
when overfitting starts to decrease generalization performance. The images at the
bottom of figure 3.2 show the pixel length scales learned through batch stochastic
gradient updates (n, = 1200) over all available training images the groups of digits
shown, demonstrating the most discriminative regions.

3.10.4 Learning convolutional layers

We now apply algorithm 1 to train a CEN with convolutional layers on MNIST.
We employ an example architecture from the TensorFlow tutorial on deep MNIST
classification [Abadi et al., 2016]. This ReLU activated CNN uses two convolu-
tional layers, each with max pooling, followed by a fully connected layer with
a drop out probability of 0.5. The original CNN then employs a final softmax
regressor on the last hidden layer for classification. The CEN instead employs a
linear kernel on the last hidden layer to construct the conditional mean embedding.
We then train both networks from the same initialization using batch updates of
n, = 6000 images for 800 epochs, with learning rate n = 0.01. All biases and
weight standard deviations are initialized to 0.1. The network weights and biases
of the CEN are learned jointly with the regularization hyperparameter, initialized
to A = 10, under our learning objective (3.18), while the original CNN is trained
under its usual cross entropy loss. The fully connected layer is trained with a drop
out probability of 0.5 for both cases to allow direct comparison. The top right plot
in figure 3.2 shows that CENs learn at a much faster rate, maintaining a higher
test accuracy at all epochs. After 800 epochs, CEN reaches a test accuracy of
99.48%, compared to 99.26% from the original CNN. This demonstrates that our
learning algorithm can perform end-to-end learning with convolutional layers from
scratch, by simply replacing the softmax layer with a MCE. The resulting CEN
can outperform the original CNN in both convergence rate and accuracy.
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3.11 Summary and Future Work

In this chapter we propose a hyperparameter learning framework for CMEs when
the target is discrete. This naturally results in a nonparametric probabilistic
multiclass classifier whose convergence properties can be guaranteed, which we
call the MCE. The MCE is inherently highly general and flexible in architecture.
To prevent overfitting, we develop a scalable hyperparameter learning framework
for CMEs based on learning theoretic bounds, by justifying the use of stochastic
batch gradient updates. These bounds reveal the RCB as a novel data-dependent
quantity that reflect the model complexity. This measure automatically appears in
the learning objective and acts as a regularization term in addition to the empirical
loss for hyperparameter learning. We show that the MCE can be constructed from
general model architectures such as neural networks and trained under our learning
algorithm, and demonstrate that it outperforms the original model architecture.

In a similar light to the case with regularized least squares, it remains to be
established what type of prior, if any, could correspond to the RCB. This would
lead to a fully Bayesian interpretation of our framework. We also envision that
such a quantity could potentially be generalized to CMEs with arbitrary targets,
which would enable hyperparameter learning for general CMEs in a way that is
optimized for any general prediction task. Finally, our framework and algorithm
is simple, and developments in establishing deeper connections and relationships
with other kernel based models can be fruitful.



Chapter 4

Bayesian Learning of
Conditional Kernel Mean Embeddings
for Automatic Likelihood-Free Inference

In likelihood-free settings where likelihood evaluations are intractable, approxi-
mate Bayesian computation (ABC) addresses the formidable inference task to dis-
cover plausible parameters of simulation programs that explain the observations.
However, they demand large quantities of simulation calls. Critically, hyperparam-
eters that determine measures of simulation discrepancy crucially balance inference
accuracy and sample efficiency, yet are difficult to tune. In this paper, we present
kernel embedding likelihood-free inference (KELFI), a holistic framework that au-
tomatically learns model hyperparameters to improve inference accuracy given
limited simulation budget. By leveraging likelihood smoothness with conditional
mean embeddings, we nonparametrically approximate likelihoods and posteriors
as surrogate densities and sample from closed-form posterior mean embeddings,
whose hyperparameters are learned under its approximate marginal likelihood.
Our modular framework demonstrates improved accuracy and efficiency on chal-
lenging inference problems in ecology.

4.1 Introduction

Scientific understanding of complex phenomena are deeply reliant on the study of
probabilistic generative models and their match with real world data. Often, latent
and convoluted interactions result in intractable likelihood evaluations, making
the setting likelthood-free. Instead, generative models are expressed as a stochastic
forward model simulator. Inference on latent variables in this setting is particularly
challenging.

85
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Approximate Bayesian computation (ABC) methods are the state-of-the-art in
simulation-based Bayesian inference with intractable likelihoods [Marin et al.,
2012]. They infer posterior distributions of simulator parameters that aim to
explain observed data. The posterior is of interest in its own right for under-
standing the complex phenomena, and also useful in forming predictions of future
observations. They are popular due to their simplicity and applicability, and
have been used extensively in the biological sciences [Beaumont, 2010, Toni et al.,
2009]. Nevertheless, complex models are often prohibitively expensive to simulate.
Evolutionary processes of ecological systems, vibrational modes of a mechanical
structure, and fluid flow across surfaces are all examples that result in formidable
inference problems with demanding forward simulations. It is thus imperative for
inference algorithms to perform under the constraint of limited simulation calls,
posing an exceptionally challenging task.

Often, ABC methods rely on discrepancy measures between simulations and ob-
servations that are parametrized by hyperparameters such as €. The resulting
posterior approximation is highly sensitive to the choice of hyperparameters, yet
appropriate hyperparameter tuning strategies remain to be established.

To address these issues, we present KELFI, a holistic framework consisting of
(1) the kernel means likelihood (KML) as a consistent surrogate likelihood model
that modularizes approximate likelihood evaluations from simulation calls, (2) the
marginal kernel means likelihood (MKML) as a Bayesian learning objective for
hyperparameters that improves inference accuracy, (3) the kernel means poste-
rior (KMP) as a posterior surrogate density for approximate Bayesian inference
on simulator parameters, and (4) the kernel means posterior embedding (KMPE)
leading to a super-sampling algorithm for fast-converging posterior samples of
simulator parameters. We further present the spatio-temporal kernel means likeli-
hood (ST-KML) and independent and identically distributed kernel means likeli-
hood (iid-KML) to alleviate the requirement for designing summary statistics for
spatio-temporal data and #id data respectively. Finally, we address computational
or analytical challenges for complex or intractable priors.

KELFT is based on approximating likelihoods with simulation samples using CMEs.
CMEs encode conditional expectations empirically by leveraging smoothness within
a RKHS with only a small number of examples. This modularizes inference away
from simulation calls. Consequently, scientists can proceed with posterior analysis
after any number of simulations. Furthermore, KELFT infers both approximate
posterior densities and samples. Critically, our learning algorithm tunes hyperpa-
rameters directly for the inference problem, including adapting € to the number
of simulations used. This removes the need for practitioners to arduously select
hyperparameters. Finally, it can be extended to automatically learn the relevance
and usefulness of each summary statistic.



Bayesian Conditional Kernel Mean Embeddings for Likelihood-Free Inference 87

4.2 Likelihood-Free Inference

We begin by setting up notations for the likelihood-free setting. Let 8 € v/ denote
a realization of the latent variable or parameter ©, where we use upper cases
to denote random variables. Let x € X and y € Y where X,) C D denote
realizations of simulation output X and observations Y respectively.

In the likelihood-free setting, we begin with a stochastic forward model simulator
which synthesizes simulations x given a parameter setting 8. The simulator is often
a computer program which takes a parameter setting as input, makes internal
calls to a pseudo-random number generator, and outputs a a simulation result
x in ideally the same structure as the observations y. In this sense, while the
simulation result conditioned on the parameter setting and the internal pseudo-
random numbers is deterministically generated, the simulation result conditioned
on the parameter setting only is considered stochastically generated. We represent
the stochastic simulator as pxje from which we can only sample x; ~ pxje(:|0;),
but not query its density pxje(x|@) at particular simulation result x € X and
parameter @ € ¢}, making likelihood evaluations intractable, thus likelthood-free.

To begin inference we posit a prior density pg that encodes general prior knowl-
edge about plausible parameter settings to guide the inference, which are usually
informed by the problem setting itself. We assume that evaluations of the prior
density pe(0) at any particular parameter @ € 1 is tractable. However, we will
also address the setting when only samples from the prior is available.

When writing density evaluations and the random variable the density is describ-
ing is clear from the context, we will drop the subscript. For example, p(0) is
shorthand for pg (@) and p(x|@) is shorthand for px|e(x|0).

The goal of the inference problem is to find plausible parameter settings that could
have generated the observations y, or the posterior of parameter settings given ob-
servations y. The underlying assumption is that y was generated from pxje for
some parameter setting. This however presents a trade-off. A rich and complex
simulator may be able to replicate the process from which observations y was gen-
erated for a particular parameter setting. However, since each parameter setting
would produce a different rich and complex process, inference can be extremely
challenging. On the other hand, simple simulators may not be able to replicate
the true generation process for any parameter setting. Therefore, LFI seeks to
relax the inference problem it asks, and seeks to infer a posterior distribution on
the parameters @ that could generate simulations x that are only similar to our
observations y by some comparison measure, instead of exactly the same. We refer
to this as the soft posterior.
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To do this, we introduce a discrepancy measure called the e-kernel or ABC kernel,

Ke(y,X) = pe(y]x). (4.1)

A convenient and common choice is the Gaussian density p.(y|x) = N (y;x, €*I)
[Moreno et al., 2016, Price et al., 2017]. It is worthwhile to note that k. is a
conditional probability density function and does not need to be a positive definite
kernel. For instance, it does not need to be symmetric, although it happens to
be symmetric when we use a Gaussian density, since N (y;x, e2I) = N (x;y, €21).
However, the latter expression is not semantically relevant in this context.

Furthermore, the observation y is often fixed within a given LFI problem, while
the simulation x varies throughout the LFT procedure. Consequently, the e-kernel
is often tasked with comparing the same y against different x, so that we are more
concerned with properties of k.(y, ), the e-kernel as a function of x for a fixed y.

The e-kernel k. (y, x) captures the likelihood distribution of the observation y given
a simulation x. It posits that discrepancies of observations and simulations are
only due to noise which the e-kernel quantifies, since we assume the simulator
is reasonably capable of reproducing the true data generation process. The LFI
setup then assumes that further knowledge of the parameter setting on top of the
simulation results are not informative, such that p.(y|x, ) = p.(y|x).

Based on this formulation, the true full likelihood of our model can be written as

pe(yl0) = /Xpe(Y\X)P(Xle)dX = Elre(y, X)|© = 6]. (4.2)

The corresponding posterior of interest is p.(0)y) = pc(y|0)p(0)/p.(y) where
pe(y) = [, pe(y|0)p(0)d6. Due to the presence of a non-zero €, even a perfect ap-
proximation to the soft posterior p.(8]y) will not be the exact posterior p.—(0|y)
unless € is annealed to zero. This is the necessary trade-off we make with limited
simulations, where a non-zero € is essential for tractable inference because no sim-
ulations will match the observations exactly in practice. If y is only available as
a summary statistic, then this soft posterior p.(0|y) that we are targeting is only
an approximation to the posterior given the full data even with ¢ = 0.

So far, x and y denote either the full dataset or their summary statistics. This
is because summary operations can be appended to the simulator program to
output statistics directly. In either case, we let the target posterior be p.(8]y), so
the inference problem remains structurally identical. For simplicity however, from
here on x and y will denote summary statistics unless stated otherwise.
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4.3 Kernel Embedding Likelihood-Free Inference

We present KELFT in three stages. In the model stage, we build a surrogate likeli-
hood model by leveraging smoothness properties of CMEs. In the learning stage,
we derive a differentiable marginal surrogate likelihood to drive hyperparameters
learning. In the inference stage, we propose an algorithm to sample from the
resulting mean embedding of the surrogate posterior.

When the prior is an anisotropic Gaussian p(0) = HdD:1 N (04; p1a, 03), closed form
solutions for KELFT exists. We will focus on this setting without loss of general-
ity. This is because, for many common continuous priors, the LFI problem can
be transformed into an equivalent problem that involves a Gaussian prior. For
instance, this can be achieved if an invertible transformation 7' exists such that
T(Z) ~ p(0) for Z ~ p(z) where p(z) is a Gaussian. We discuss this in more detail
in section 4.7. When this is not possible or preferred, we present empirical forms
that can be approximate KELFI solutions arbitrarily well.

4.3.1 Conditional Mean Embeddings

We begin with an overview of CMEs in the context of KELFI. KMEs are an
arsenal of techniques used to represent distributions in a RKHS [Muandet et al.,
2017]. The key object is the mean embedding of a distribution X ~ P under
a positive definite kernel k via pux = [, k(z,)dP(z) = [, k(z, )p(z)dz € Hy,
where the last equality assumes a density p for P exists and H; denotes the RKHS
of k. They encode distributions in the sense that function expectations can be
written as E[f(X)] = (ux, f)wn, if f € Hi. When py can only be estimated
empirically in some form denoted as iy, the expectation can be approximated by

E[f(X)] = (i, P

CMEs are KMEs that encode conditional distributions (see 2.4). We specifically
focus on their empirical estimates as we assume we only have the resource to obtain
m sets of simulation data due to budget constraints. This results in joint samples
{0;,x;}7, from p(x|@)7(0) by sampling from a proposal prior 7 for 8; ~ 7(6)
and simulating x; ~ p(x|6;) at each ;. Note these samples are not necessarily
from the original joint distribution p(x|0)p(0) if 7 # pe.

We define positive definite and characteristic kernels [Sriperumbudur et al., 2010a]
kE:DxD — Rand ¢ : 9 x 19 — R. When relevant, we denote the hyper-
parameters of k and ¢ with a and 8, and refer to them as k, = k(-,-;«) and
lg = L(-,-;3). A useful example of such a kernel is an anisotropic Gaussian ker-
nel £(6,0';8) = exp (— 130 (04— 0)?/82) whose hyperparameters are length
scales B3 = {B4}_, for each dimension d € [D] := {1,..., D}, and similarly for k.
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For any function f € Hj, we construct an approximation to E[f(X)|® = 6] by
the inner product (f, fixj@=6)#, With an empirical CME [ixj@—g. Importantly,
fix|@o is estimated from the joint samples {0;,x;}7,,
the corresponding conditional distribution p(x|@). This approximation admits the

even though it is encoding

following form [Song et al., 2009],
E[f(X)|© = 0] ~ T (L +mAI)~'£(0), (4.3)

where £ := {f(x;)}7,, L = {£(0;,0;)},, £(0) := {£(0;,0)}7_,, and A > 0 is a
regularization parameter. This approximation is known to converge at Op(m_i)

if \ is chosen to decay at Op(m_%) or better under appropriate assumptions on
p(x]0) [Song et al., 2013].

4.3.2 Model: Kernel Means Likelihood

We begin by presenting our surrogate likelihood model. Since the likelihood (4.2)
is an expectation under p(x|@), we propose to approximate it via an inner product
with the CME of p(x|@). Specifically, if we choose k such that k. (y,-) € Hg,
then p.(y|@) can be approximated by ¢(y|0) = (ke(y,-), fixj@=0)n,- We refer
to q(y|@) as the kernel means likelihood (KML). While the KML provides an
asymptotically correct likelihood surrogate, for finitely many simulations it is not
necessarily positive nor normalized. By using f = k(y,-) in (4.3) where Kk (y) :=
{re(y,x;)}2, and v(y) := (L +mAl)"'k(y), the KML becomes

q(yl0) => vi(y = ke(y) (L +mA)~1£(8). (4.4)

Jj=1

The KML converges at the same rate as the CME. See theorem 4.1 for proof. It
is worthwhile to note that the assumption ¢(0,-) € image(Cee) is common for
CMEs, and is not as restrictive as it may first appear, as it can be relaxed through
introducing the regularization hyperparameter A [Song et al., 2013].

Theorem 4.1. Assume (6, -) € image(Cee). The kernel means likelihood (KML)
q(y|0) converges to the likelihood p.(y|0) uniformly at rate Op((m)\)’% +A2) as a
function of @ € ¥ andy € Y.

To satisfy ke(y,:) € Hg, we choose the standard Gaussian e-kernel r (y,x) =
N(y;x,€I) and let k, = k. be a Gaussian kernel with length scale a = e. Since
ke(y,x) and k(y, x) are scalar multiples of each other, we have that k. (y,-) € Hy.
In fact, any positive definite kernel k. can be used, since we can simply choose k,
to be its scalar multiple to form the RKHS.

Importantly, instead of modeling the posterior mean embedding directly in a fash-
ion similar to kernel ABC (K-ABC), kernel recursive ABC (KR-ABC), and KBR,
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KELFT begins by using CMEs to approximate the full likelihood (4.2) first as a
surrogate likelihood, the KML. While the KML provides an asymptotically correct
surrogate for the likelihood, for finitely many simulations the KML is not necessar-
ily positive nor normalized. This makes the KML incompatible with to standard
approximate inference methods such as Markov chain Monte Carlo (MCMC) and
variational inference (VI), which require likelihoods or likelihood approximations
to be positive normalized densities. If one were to attempt to make the KML
compatible with MCMC or VI methods, we would require further amendments to
the KML, ranging from simple clipping [¢(y|@)]T or even a positivity constraint
in the empirical least-squares problem for the CME weights. The latter stems
from the fact that CMEs can be seen as the solution to a vector valued regression
problem in the RKHS [Griinewélder et al., 2012]. However, these amendments
would however introduce further bias to the already biased likelihood approxima-
tion. Even though these biases vanishes asymptotically as the KML approaches
a valid density due to theorem 4.1, the asymptotic behavior is nevertheless rarely
reached under limited simulations, which is the scenario of interest. Consequently,
we propose to use the KML as is, without further unnecessary modifications that
would introduce further bias, and design learning and inference algorithms using
the KML directly.

4.3.3 Learning: Marginal Kernel Means Likelihood

We now propose a hyperparameter learning algorithm for our surrogate likelihood
model. The main advantage of using an approximate surrogate likelihood sur-
rogate model is that it readily provides a marginal surrogate likelihood quantity
that lends itself to a hyperparameter learning algorithm. We define the MKML
as follows,

0(y) = [ 03109006 = 3 15 (¥)no(8) = kuly)" (L -+ mAI) Mo, (45

where pe := [,¢(0,-)p(6)d0 is the mean embedding of pe, also called the prior
mean embedding, and pe = {ue(0;)}7L, are the evaluations of the prior mean
embedding. Note that we notate the subscripts of the random variable ® since the
shorthand p(0) of pe(@) loses meaning if we want to refer to the density without
evaluating at a particular parameter @, which would resulting in writing just p.

If we choose £ to be an anisotropic Gaussian kernel with length scales 8 = {34}2_;,
then pe is closed-form for anisotropic Gaussian priors p(6) = HdDle (045 p1a, 02).



Bayesian Conditional Kernel Mean Embeddings for Likelihood-Free Inference 92

Let 12 := 32 + 03, then we have

po(6) = £,(6. [ ] 2 (4.6

Similar to the KML, the MKML converges at the same rate as the CME.

Theorem 4.2. Assume ((0,-) € image(Cee). The marginal kernel means like-
lihood (MKML) q(y) converges to marginal likelihood p.(y) uniformly at rate
O,((mA)"2 4+ \2) as a function of y € V.

Consequently, the MKML ¢(y) = q(y;€,3,\) approximates the true marginal
likelihood p(y) of the inference problem defined by our likelihood-prior pair. It
is a function of the hyperparameters (€, 3, \) of the e-kernel and KML model. As
pe(y) is unavailable, we instead maximize the MKML for hyperparameter learning.
Furthermore, prior hyperparameters g and o can also be included and learned
jointly. Since the map (€,3,A) — q(y;€, 3, ) is differentiable, optimization can
be done in an auto-differentiation environment. The learning objective to be
optimized is computed in line 3 of algorithm 3. Each automatic gradient update
has complexity dominated by O(m?) due to the Cholesky decomposition in line 2.
However, since we are addressing scenarios where simulations are limited so that
m is small, this optimization is relatively fast.

Importantly, if we use an anisotropic Gaussian density for the e-kernel k. where
€ = {e}, are the length scales corresponding to each summary statistic y =
{y;:}1,, we can perform ARD to learn the relevance and usefulness of each sum-
mary statistic, where a small length scale indicate high relevance for that statistic.
This is because € are also the length scales of the kernel k£ which defines the RKHS
H,. Since the anistropic Gaussian kernel is learned, we also refer to it as an ARD
kernel. We can also learn the length scales 3 = {f;}1_, for the kernel {5 on 6,
although we found that it is more useful to let B = fyo where o = {o4}7_, are
the standard deviations of the Gaussian prior. By doing this, we make better use
of the scale differences within @ from the prior, and let §; learn the overall scale
that is most useful for the KML.

For general non-Gaussian kernels and priors, pe in (4.5) can be approximated
using T independent prior samples 8, ~ p(0), t € [T], as

T
Z (6,,") ——LlT (4.7)

In this case, the MKML can be approximated as

i(y) = 7 D a(v16) = 3 v¥)ie(6)) = k(y) (L+mAD *Llr (19
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Algorithm 3 KELFI: Kernel Embedding Likelihood-Free Inference

1: Input: Data y, simulations {0;,x;}7., ~ p(x|0)7(0), query parameters
{6} KML hyperparameters (e,3,\), prior hyperparameters (u,o) or

r=1»
samples {6;};, number of samples S, kernel ¢ and e-kernel &
Compute L « {l5(0;,0;)}7_; and ke(y) < {re(y, x;)} 7,
Compute KML weights v < (L + mAl)"'k(y)
Compute L < {(3(0;, et)};n,t’; and L* < {{3(0;,0}) f’il
Compute pe < {1e(8;)}7L, using (4.6) or pe %ilT using (4.7)
Compute MKML ¢(y) + v pe o
Compute H < {h(Oj,Bj)}?l:’If’r:l using (4.10) or H < 7 LL* using (4.11)

Compute KMPE p <+ H'v/q(y) € R® and initialize a +— 0 € R®
for se {1,...,5} do
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Update kernel sum a + a + {{3(60},0,)}F |
: end for R
. Output: Posterior super-samples {6,}5_,

— = =

By formulating a learning objective directly for the inference problem, KELFI
provides a way to automatically tune € and its own model hyperparameters.

While our hyperparameter learning algorithm stemmed from the LFT setting, it
can be applied to learn hyperparmeters for general CMEs built from joint samples
by using the marginal distribution of the conditioned variable as the prior.

4.3.4 Inference: Kernel Means Posterior and Sampling

We finally present an approach for posterior inference by super-sampling directly
from the equivalent posterior mean embedding defined by the KML model and
the prior. Our approach begins by defining a surrogate density to approximate
the posterior p.(@|y) in analogy to the Bayes’ rule, ¢(0|y) := q(y|0)p(0)/q(y).
We refer to ¢(0]y) as the kernel means posterior (KMP). Importantly, ¢(8]y) is
unaffected even if k. is unnormalized, so that e-kernels on distributions can be
readily used. While both ¢(8|y) and ¢(y) are surrogate densities, by construction
the KMPgq(0y) approaches the true posterior p.(@|y) whenever the KML ¢(y|@)
approaches the true likelihood p.(y|@). Consequently, the KMP has the following
convergence properties.

Theorem 4.3. Assume ((0,-) € image(Cee) and that there exists 6 > 0 such
that q(y) > 9 for allm > M where M € Ny. The kernel means posterior (KMP)

. . . 1 1
q(Bly) converges pointwise to the posterior p.(0|y) at rate O,((mA)~2 + A2) as a
function of @ € 9 andy € Y. If supgeyp(0) < 00 and supgey pe(y|0) < oo, then
the convergence is uniform in @ € 9. If supy,cy pe(0ly) < oo, then the convergence
1s uniform iny € Y.
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Importantly, the requirement for a 6 > 0 such that ¢(y) > ¢ for all m > M
where M € N, provides an intuition for why high MKML values are favorable
for learning a good approximate posterior. This requirement is a reflection on the
capability of the simulator to recreate the observations y relative to the scale e.
Intuitively, the more capable the simulator p(x|0) is at generating simulations x
that is close to y with respect to €, the higher p.(y) > 0 will be relatively. Since
theorem 4.2 guarantees that, for large m > M, q(y) will be close to p.(y), we have
that ¢(y) > 0 for all large m > M with increasing probability. In this situation,
theorem 4.3 guarantees that the KMP will converge to the posterior of interest.
However, consider the case when the simulator is ill-designed to recreate y such
that the true marginal likelihood p.(y) = 0 is small. As ¢(y) tends to p.(y) ~ 0
due to theorem 4.2, it may struggle to always stay strictly positive even for large
m > M since it is stochastically converging to approximately zero. In this case,
convergence is difficult since the simulator was ill-designed. However, by learning
e through maximizing ¢(y), we adapt the threshold e to make p.(y) as high as
possible, leading to a more stable posterior p.(0]y) for the KMP to converge to.

Constructed from the KML, the KMP is also a surrogate density, although it is
normalized. While the KMP is useful for finding maximum a posteriori (MAP)
solutions and visualizing posterior uncertainties, we cannot directly sample from
a surrogate density that is possibly non-positive. To address this, we leverage the
fact that conditional distributions encoded by general CMEs can still be super-
sampled with kernel herding [Chen et al., 2010]. Although marginal mean em-
beddings are strictly positive for strictly positive kernels, when they are estimated
from empirical CMEs, the resulting mean embedding may not be strictly positive
[Song et al., 2009]. Despite this, kernel herding can still obtain super-samples
from CME estimates which effectively minimizes the MMD discrepancy between
the original CME estimate and the new embedding formed from super-samples.
This idea has been used to sample from conditional distributions through its em-
pirical CME representation in kernel Monte Carlo filter (KMCF) [Kanagawa et al.,
2016] and KR-ABC [Kajihara et al., 2018]. Furthermore, super-samples are more
informative than random samples, in the sense that empirical expectations under
super-samples can potentially converge faster at O(S™!) for S samples instead of
o(S _%) for random samples.

Motivated by this, we now define an analogous form of mean embeddings for
surrogate densities. Specifically, we define the kernel means posterior embedding
(KMPE), the mean embedding of the KMP, as figjy—y (8*) := [, £(8,0%)q(0y)d6.
This becomes

_ 1 « .

'u@|Y y = ( ZU] 9 70 )7 (49)

Jj=1

where h(0,6%) := [,£(8,0)((6,0%)p(6)dd. Importantly, as KMPE is constructed
from the CME used to form KML, it converges in RKHS norm at the same rate.
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Theorem 4.4. Assume ((0,-) € image(Coe) and that there exists § > 0 such
that q(y) > 0 for all m > M where M € N.. The kernel means posterior embed-
ding (KMPE) fiey=y converges in RKHS norm to the posterior mean embedding
pely—=y at rate O,((mA)~2 4+ A2).

Note that we accent the KMPE with a bar to emphasize and distinguish it from
the true posterior mean embedding pejy—y(0*) := [, £(0,6*)p.(6]y)d6.

If we choose £ to be an anisotropic Gaussian kernel with length scales 8 = {84},
h exhibits the following closed-form under anisotropic Gaussian priors,

h(0,0%) = 12[ 54 oxp { - %(ad - bfl)] , (4.10)

d=1

where ag := (05 +05" +7315)/ (2+73), ba 1= (0a+05+73pa)/(2+73), 73 = B3/
and 352 = 26;2 + 0;2. For general non-Gaussian kernels and priors, A can be
approximated as

T

~ 1 L 1-~-
h(0,0%) = — 0(0,0,)0(0,,0") = —LL". 4.11
<,>T;<,t><t,>T (4.11)
In this case, the KMPE can be approximated by
i - - . V(y)Th(G*) _ v(y)TLe(6")
fi == v;(y)h(6;,0%) = = —,  (4.12
O|Y= y q( Z J V(y) V(y)TL]_T ( )

where h(6*) := {h(6;,0%)}", and £(6*) := {((6,,0*)}",

The KMP ¢(-]y) is bounded and normalized but potentially non-positive. Conse-
quently, it can be seen as a surrogate density corresponding to a signed measure.
This suggests that the map ¢(-|y) — fle|y=y is injective for characteristic kernels
¢, analogous to mean embeddings [Sriperumbudur et al., 2011]. Furthermore, as
the integral (4.9) is a linear operator on ¢(6*,-), the surrogate posterior mean em-
bedding figjy—y € H, is in the RKHS of . With a surrogate embedding that is
injective to our surrogate posterior and in the RKHS, we can apply kernel herd-
ing [Chen et al., 2010] on fig|y=y (4.9) using kernel ¢ to obtain S super-samples
{6,}5_, from the surrogate density ¢(8|y). That is, for each s € [S], the samples
are obtained by

R 13 .
0, = arg max [ig|y—y(0) — — ((0,0). 4.13
s ey —y(0) ~ | S ((6..0) (113)

The inference algorithm is presented in algorithm 3.
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4.4 Theoretical Guarantees on Convergence

We provide theoretical guarantees that establish convergence properties of the
kernel embedding likelihood-free inference (KELFI) framework. Section 4.4.1 be-
gins by summarizing the properties of kernels used in KELFI and introducing
relevant quantities. Sections 4.4.2 and 4.4.3 provide an overview of conditional
mean embeddings (CMEs) and their empirical estimates respectively in the context
of KELFI. Section 4.4.4 establishes general convergence theorems for estimators
based on the CME. Finally, using these results, we prove convergence guarantees
for the kernel means likelihood (KML), marginal kernel means likelihood (MKML),
kernel means posterior (KMP), and kernel means posterior embedding (KMPE)
in sections 4.4.5, 4.4.6, 4.4.7 and 4.4.8 respectively.

4.4.1 Kernel Properties

The KELFI framework uses a data kernel k£ : D X D — R where X', Y C D. We do
not assume that X and ) are necessarily the same. For example, it is possible to
record an observation y in which the simulator p(x|€) can never generate or fully
recover, such as when X C ). Conversely, it is also possible that the simulator
p(x]@) can generate a larger variety of simulations x than that is possible to
observe from the actual data generation process, such as when ) C X'. It can also
be neither of such cases such as when X an ) only have some overlap. However,
since we assume X, ) C D, the kernel £ is able to measure the similarity between
simulated data x € X C D and observed datay € J C D.

The KELFT framework employs bounded symmetric positive definite kernels ¢ and
k. Because they are bounded, we can explicitly denote the following upper bounds
to their RKHS norm,

0= sup [|6(8, )||2, = sup /2(6,0), (4.14)
0cy 0cy

k= sup [k(d, ) [l3, = sup +/k(d, ). (4.15)
deD deD

When ¢ and k are stationary, we have ¢ = 1/¢(0,0) and k = 1/k(0,0).

In the KELFT framework, we first select the e-kernel k.. Based on this the choice
of the e-kernel, we then select the kernel k to satisfy

Ke(y, x) = cck(y,x), (4.16)

where ¢, > 0 is a scaling constant to ensure that x.(y,x) = p.(y|x) is a normalized
density on ). In contrast, the kernel k& has no such restriction. Since it is a scaled
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version of k, k. is also bounded symmetric positive definite as a function of x and
y. In this way, k.(d, ) € H; is always in the RKHS H;. characterized by k for all
d € D. As a consequence, € is also a hyperparameter of k, although this is not
explicitly notated for brevity.

Since y € Y C D, we have k(y,-) € Hi. We can then find its RKHS norm,

ey Yty = cellby, M, = v/ F2y) = Varv/eh(y.y) = Ve /mely,¥),
(4.17)
which is different to ||ke(y,-)||ln.. = V/ke(y,y). Therefore, while the KELFI al-
gorithm only requires k. to be specified and & is not explicitly used, this subtle
difference is a reminder that k is the underlying kernel that defines the RKHS,
not k.. As a consequence, we have that the upper bound to the RKHS norm of k.
satisfies

Re = sup || ke(d, ) |l2, = v/cesup v ke(d, d). (4.18)
deD deD

Furthermore, if k. is stationary, then k.(d,d) = k.(0,0) for all d € D. A
typical example is the Gaussian density r.(y,x) = N(y;x,€2I). In this case,
ce = 1/(V2me)" and k. (y,y) = 1/(V/2me)™ are the same, and thus ||kc(y,)|n, =
1/(v/2me)™ = c.. The corresponding kernel k is the isotropic Gaussian kernel.

When D = R", the most commonly used kernel for the KELFI framework is
the anisotropic Gaussian kernel where each dimension uses a potentially different
length scale o;. When its length scales are learned via some hyperparameter
learning algorithm, it is also referred to as the ARD kernel. This kernel has the

k(x,x') = exp (—%i (I;x/)Q) (4.19)

i=1

following form,

Since k(y,x) = ck(y,x), this means that the length scales are simply the ABC
tolerance o; = ¢; for i € [n], and that there can be a separate tolerance for each
dimension of the data or summary statistic. Similarly, when 1 = R”, we also often
employ the ARD kernel for ¢, but we use 34, d € [D], to denote the length scales.

4.4.2 Conditional Mean Embedding

To construct a conditional mean operator Ux e corresponding to the distribution
p(x]0), we first choose a kernel ¢ : ¥ x 9 — R for domain ¥ and another kernel
k : D x D — R for domain D. These kernels ¢ and k each describe how similarity
is measured within their respective domains, and are bounded symmetric positive
definite and characteristic such that they uniquely define the RKHS H, and H,.
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The conditional mean operator Uxje : H; — Hj is defined by the equation
pxje=o = Uxjel(0, ), where ix|@—g is the CME defined by

ixjes = E[k(X, )|© = 6] (4.20)

In this sense, Uxje sweeps out a family of CMEs uxje—s € Hi, each indexed by
0 c 9.

We then define cross covariance operators Cxe = E[k(X, ) @ (O, )] : Hy — Hy
and Cee = E[{(O,-) ® ((©,-)] : Hy — H,. Alternatively, they can be seen as
elements within the tensor product space Cxe € Hi ® H, and Cege € H; Q@ H,.
That is, they are second order mean embeddings.

Under the assumption that £(6,-) € image(Cee), it can be shown that Uxje =
Cxe(Coe)~!. While this assumption is satisfied for finite domains ¢ with a char-
acteristic kernel ¢, it does not necessarily hold when 1 is a continuous domain
[Fukumizu et al., 2004]. Instead, in this case Cxe(Coe) ' becomes only an ap-
proximation to Ux e, and we instead regularize the inversion with a regularization
hyperparameter A > 0 and use Uxje = Cxe(Coe + AI)~*, which also serves to
avoid overfitting [Song et al., 2013]. This relaxation can be applied to all subse-
quent results and theorems.

For any function f € Hy, the conditional expectation of f under p(x|0), or (@) :=
E[f(X)|® = 0], can be expressed by the inner product ¢(8) := (f, ixje=6)#, by
using the CME pix|e—s-

4.4.3 Empirical Conditional Mean Embedding

Suppose {0;,x;} ~ p(x|0)7(0) are iid across j € [m]|. The conditional mean
operator Ux e is estimated by

Uxio = O(L +mA) 10T (4.21)

Where (b = [k(X1, .) . e k(xm’ .):|7 \I] = [6(01’ ) “ e €<9m7 ):|7 and L =
1€(6:,0;)}7—,. The CME can then be estimated by

fixjo—o = Uxjel(8, ) = (L +m\) " €(0) (4.22)

where £(0) := {£(0;,0)}7., [Song et al., 2009].

For any function f € Hy, the conditional expectation of f under p(x|0), or (@) :=
E[f(X)|® = 6], can be approximated by the inner product §(8) := (f, fix|@=0)#,
by using the empirical CME fixj@-o. Letting f := {f(x;)}/L,, this approximation
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admits the following form,
§(0) = f7(L +mAI)~'£(9). (4.23)

Importantly, fixje—e is estimated from joint samples {Oj,xj};»”:l, even though it
is encoding the corresponding conditional distribution p(x|@). It is this fact that
allows for an arbitrary choice 7(0) on the marginal distribution of ®, which does
not necessarily need to be the same as p(0).

Under the assumption that ¢(0,-) € image(Cee), the empirical CME [ixje=o
converges to the true CME pxj@—¢ in RKHS norm at rate Op((m)\)_% + /\%) [Song
et al., 2009, Theorem 6]. That is,

VO € 9, Ve >0, dM, >0 s.t.
~ _1 1 (424)
P|: UxX|@=0 — ux|9:9||Hk > M€<(m)\) 2 + /\2>i| < €.

Consequently, the empirical CME converges at rate Op(m_%) if A is chosen to

decay at rate Op(m’%), and often better convergence rates can be achieved under
appropriate assumptions on p(x|0) [Song et al., 2013]. Again, the regularization
hyperparameter A relaxes the assumption that £(0,-) € image(Ceeo)-

Finally, since fix|@-g = Z;{X|@€(0, -) convergences to fixje—e = Uxjel(0, -) in RKHS
norm at rate Op((m/\)_% +Az) for all @ € 9 and £(0, -) does not depend on m, we
also have that Uxje converges to Ux|e in HS norm at the same rate. That is,

Ve>0, IM. >0 st
N 1 4.25
P[HU)Q@ — Ux|@HHS > M€<(m)\)_§ + )\%)] <e. ( )

4.4.4 General Convergence Theorems

We now establish some general convergence theorems for estimators based on inner
products with the CME. The aim is to provide a sense of the stochastic convergence
of any estimator a to its true quantity a with respect to some metric d(a,a). We
do this by showing that either ||fixj@=o — tixj@=6|w, Or HLA{X@ — Uxjo|lus is an
upper bound of d(a,a) up to a scaling constant.

Lemma 4.1. Suppose that £(0,-) € image(Cee) and that there exists 0 <y < 0o
such that for some estimator a, target a, and metric d(a,a),

d(a,a) < 7|[Uxje — Uxio|| ;g (4.26)

then the estimator a converges to the target a with respect to the metric d at rate

O,((mA)~2 + A2).
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Proof. Suppose that there exists 0 < v < oo such that (4.26) is satisfied. That is,
the inequality (4.26) holds for all possible data observations {6;,x;}".,. For any
constant C, the implication statement HZ:{X|@ — Z/{X|@HHS <C = d(a,a) < Cv
holds for all possible observation events w € 2. Writing this explicitly in event
space translates this to a statement of probability inequality,

{w c: ||Z/Alx‘@ _UX‘@”HS < C} - {w cQ: d(d,a) < C’Y}

. (4.27)
— P||tixie — Uxio||ys < C| < P|dla,0) < C].

Since we assume that ¢(0,-) € image(Cee), statement (4.24) is valid. By let-
ting C' = M,((mA)"2 + A2) in (4.27), we immediately have that the probability
inequality in statement (4.25) is also true if we replace HZ/?X|@ — Z’{XIQH g With
d(a,a) and M, with vM,,

Pl[ltxie — Ui ;s > Mc((mA) 4+ A1) | <
— 1-P[lthao ~ Usiolls < M. ((m0)F +A1)] <
= P :||Z;’X\® —Uxol| g < Me((m)‘>_% + Aé): >1—c¢ s
— P :d(&,a) < 7M6<(m>\)‘% + )\%>_ >1—¢ '
— 1= P[d(a,a) < yM((mA)F +23)] < e
— Pld(a,a) > yMc((mA) 3 +1)] <

where we employed statement (4.27) between the third and fourth line for C' =
M,((mA)~% + A2). Therefore, since M, is arbitrary, define M, := vM, so that the
following statement holds,

Ve>0, M, >0 s.t. P[d(d, a) > ME((mA)—% + A%)] <e (4.29)
In other words, the estimator a stochastically converges to a at a rate of at least
Op((n)\)_% + A\2) with respect to the metric d. O
Lemma 4.2. Suppose that £(0,-) € image(Cee) and that there exists 0 <y < 0o

such that for some estimator a, target a, and metric d(a,a),

d(a,a) < 7|/ ixje= — Mme:oHHk, (4.30)

then the estimator a converges to the target a with respect to the metric d at rate

O,((mA)~"2 + \2).

Proof. The proof is identical to the proof for lemma 4.1, where HL?XB — qu@HHS
is replaced with || fx|@=0 — ux|@:gH e throughout. Alternatively, since H fix|@=0 —

xio=olly,, = [|Uxio ~Uxi0)((0. )|, < [[Uxie —Uxio |l s]l4(6. )], = [txio -
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Uxio|| ;;51/1(6,0), V8 € 9, we have that d(a,a) < v((6,0)|Uxje — Uxie|| s <
Y(supgey 1/ 4(6,0)) HUX\@ - UXIGHHS = %”L{X‘@ — qu@HHS? VO € ¢. Since 72 is

finite and does not depend on m, we apply lemma 4.1 to arrive at lemma 4.2. [J

With lemmas 4.1 and 4.2, we are now equipped to prove the convergence of various
estimators based on CMEs.

In all subsequent proofs, recall that the approximate surrogate densities ¢ depend
on m and €, as well as other kernel and regularization hyperparameters, even
though this is not explicitly notated.

4.4.5 Convergence of Kernel Means Likelihood

Proof of Theorem j.1. Consider the absolute difference between the KML ¢(y|0)
and the likelihood p.(y|0),

lq(y10) — pc(y10))| =[(kc(y, ), ixj@=0)1, — (Ke(¥; ), ix|0=0)7, ]
=|(ke(y, "), fixj@o=6 — 1x|©=0)% |
< ke(y, )2l ixj@=0 — tixj@=0]|21

<K ||[Lx\®:6 — UX|e=6 HHk

=F||(Uxie — Uxi0)!(8, )|, o
<K Z/?X|® - UX\QHHSH£(9’ )Hm
_Re\/mnax\@ _UX\GHHS
SRJHLA{){@ _UX|@HHS'
O

Since v = R/l is independent of m, we apply lemma 4.1 to establish the conver-
gence. Since this upper bound does not depend on 6 € ¥ or y € ) and the metric
is the absolute difference, this convergence is uniform as a function of both 8 € ¥
andy € ).

Alternatively, convergence guarantees for the KML can be established by its con-
nection to the form of a Gaussian process regressor (GPR), leveraging frameworks
and properties from a regression perspective.

4.4.6 Convergence of Marginal Kernel Means Likelihood

Proof of Theorem 4.2. We begin by writing the marginalization as an expecta-
tion over p(@). This gives us q(y) = [, q(y|0)p(0)dd = E[q(y|©)] and p.(y) :=
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[, 0(y|0)p(0)d6 = E[p(y|®)]. Consider the absolute difference between the
MKML ¢(y) and the marginal likelihood p.(y),

lg(y) — pe(y)| = [Ela(y|®) — p(y|O)]]
< E[l¢(y|®) — p(y|©)]]
< ReE[llixjo-0 — 1xj0=6ll31,]
= & E[|Uxjo — Ux10)!(©, ) |l1,]
< kE[llUxjo — Uxiollusl(©,)],] (4.32)
= kE[|lUxje — Uxjollns\/{(O, ©)]
= R E[VI(©,0)]|Uxe — Uxe| us
< kE[( ]HUX\@ —Uxjo||as

= il||Uxjo — Uxjo | is

Since v = Rl is independent of m, we apply lemma 4.1 to establish the conver-
gence. Since this upper bound does not depend on y € ) and the metric is the
absolute difference, this convergence is uniform as a function of y € ). n

4.4.7 Convergence of Kernel Means Posterior

Proof of Theorem /.53. Consider the density ratio between the approximate and
true densities for the likelihood and its absolute difference to unity,

q(y|0) 1
- £ ) (4.33)
eyl Uxjo — Uxio|| ;g

Similarly, consider the density ratio between the approximate and true densities
for the marginal likelihood and its absolute difference to unity,

ay) 1‘ 1

pe(y) lq(y) = pe(y)]

(4.34)

||uX|@ ~Uxio| s
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Now, consider the absolute difference between the KMP ¢(8|y) and the posterior
p(0)y) for all m > M.

a(6ly) — p(61y)
_|av16) _ p(y16)

) ply) 'p(")
_|a(y10) _ a(y) |p:(y|0)p(6)
p(y10) p(y)| la(y)l

p(y|0)p(0)
lq(y)]

| Givier 1) - Gy )
(y|0

—( p(y[6) -1+ qu& - 1D pe@@i@ (4.85)
Rl ||~ Rl (y|0)p(O

S(pe(y]O)HMX@ _UX|®HHS+ GHHS>p (T:]’(}zﬁ( )

< (F;jp(e) HZ/Af)qe — Uxje H + Relpe(]y) Ha)qe) - UX@HHS> —|q(1y)|

<Rl (p(8) + pe(Oly) HUX\@ - uX'QH

Rl (p(8) + pe(By)) || -
5

HSIq y)l

IN

Z/{X\(BH .
HS

Since v = (p(@) + pe(9|y)) is independent of m and the upper bound holds for
all m > M we apply lemma 4.1 to establish the convergence. Since this upper
bound does depend on @ € ¥ and y € ) and the metric is the absolute difference,

this convergence is pointwise as a function of @ € ¥ and y € V.

Furthermore, if pg 1= supgey p(0) < 00 and Pyje 1= sUPgey Pe(¥|0) < 00, then

p(6) + pc(Bly) < sup (p(6) + pc(Bly)) < %121;29(9) + sup pe(0ly)

0cv
SUPgey Pe(Y|0) supgey p(0
< supp() + gev Pe(¥10) supgey p(6) (4.36)
ocv pe(y)
_ fe + ﬁY|®ﬁ®‘
Pe(y)
So, ‘Q(GIY)—pE(O\y)‘ < Eek (p —l—p;‘?f@ ’Ux@ UX|9H . Since the upper bound

does not depend on 8 € 19, the convergence is uniform as a function of 8 € v.

Similarly, if pejy = supyeype(0|y) < o0, then ‘q(0|y) — p€(0|y)’ < %(p(@) +

Uxio — Uxo

Poly)
convergence is uniform as a function of y € ). O]

. Since the upper bound does not depend on y € ), the
s
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4.4.8 Convergence of Kernel Means Posterior Embedding

Proof of Theorem /./. Since / is a bounded kernel, let (= SUPgey SUDgrey £(0,0') >
0. Note that this is not necessarily the same as £ := supgcy (0, 0). Consider the
difference between KMPE figjy—y and pejy—y for all m > M in RKHS norm,

2
Hely=y — Hely=y

He

— /1;6(0, )q(0)y)do — /5(97>p5(9|}’)d0

U

2

He
2

= | [ 10 (a01y) ~ putoly) )ao

He

- </ﬁ€(0,-)<Q(0|Y) _pe(9|y)>d9,/ﬂ£(0’7.)<q(9/‘y) _p5<9,‘y)>d9,>
:[9[9<€(0, ), 006, ), (q(0|y) _p€(9|y)> <q(9/|y) —pe(9’|y)>d9d0’
=/§/f(9’0,) (q(()!y) —pe(e\y)) <q(9"y) _p6(9/|y)>d9d0,

| [ 10.0)(aly) = p(613)) (a(6'1y) - p.(0'y) ) 00’
3/9/9)6(9,9’)
S/ﬁ/ﬁp‘qwb’)—pe(9|y)Hq(0’|y) _p6(91|y>‘d9d9,
2 [ fatory) = noly)|io |

2( [ Jatety) - ptoiv]as)

We now employ inequality (4.35) that was derived within the proof of theorem 4.3,

He

(4.37)

(6ly) — p.(6]y)|[a(8'ly) — ()| d6de

o(6]y) — p(6]y)|d6"

2

o =1 [ o) = o)

Hﬁ@n{:y — Hely=y

. Z/ﬂ Rl (p(6) ;rpe(Ob’)) HL}X‘@ _ ux'®HHsd0
- [0+ 10910) s s,
_ 2/?;(;55 Z;lx\G _MX@HHS'

(4.38)

Since v = QRTJE is independent of m and the upper bound holds for all m > M, we

apply lemma 4.1 to establish the convergence under the RKHS norm. O]
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4.5 Spatio-Temporal Kernel Means Likelihood

We specifically address the scenario for performing LET on spatio-temporal data
using KELFT. A subset of this scenario is the case where the data comes in the form
of a time series. While this is a common setting for LFI problems, the sequential
or spatially ordered nature of spatio-temporal data is rarely leveraged in standard
LFI methods. This is because spatio-temporal data are often still summarized
into summary statistics before the LFI algorithm is applied, meaning that the
raw sequential and spatial data points were not fully utilized. The advantage of
using summary statistics is that it reduces the problem down to the standard case.
However, these summary statistics are rarely sufficient, as sufficient statistics can
be extremely difficult to design or learn even from expert knowledge due to the
very lack of knowledge of its generating distribution. Thanks to the flexible and
generalizable framework KELFT provides, in this section we design suitable forms
of the KML for applying KELFT in the spatio-temporal domain.

In general, the approach we will present applies to spatio-temporal data formed
from observing any stochastic random field with multivariate inputs. However,
for the purpose of simplicity and clarity, we will notate inputs with names that
resonate with time, so that the resulting data can be intuitively understood as
analogous to a time series.

Suppose our observed spatio-temporal data comes in the form of {t;,y;}?, and
a simulation of such data comes in the form of {s;, z;}?,. We will assume that
x;, y; € R for simplicity, although this framework can be extended for multivariate
outputs. In this case, t; and s; can be time stamps, in which they are scalar values,
or spatio-temporal locations, in which they are multivariate inputs. In either case,
we will denote the space they lie in as 7 = S. We will denote y = {v:}1,,
x = {x}¥,, t = {t;}7,, and s = {5,}7, (not to be confused with summary
statistics, which is not required here).

We first define a positive definite kernel i : 7 x 7 — R to measure the similarity
between the spatio-temporal inputs. Then, we construct an e-kernel by using the
full predictive distribution of a GPR,

:‘ie((t, y)? (87 X)) = p(Y|X7 t, S)
= N(y; Hs?;(HSS + 62]71/)—1)(’ Htt + 62[71 - HSY;(HSS + Ezjn’)_le )

(4.39)
where Hsy = {H<Si7tj)}?:,?,j:17 Hss = {H(s;, Sj)}?:’?,j:p Hy = {H(t;, tj)}?;nl,j:l-

That is, p(y|x, t,s) is the full predictive distribution of a GPR trained on {s;, ;}7,
and evaluated at the query points {t;,y;} ;. The derivation of this full predictive
distribution is given in Rasmussen and Williams [2006].
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This was a modeling choice to leverage the spatio-temporal relationship between
each data point. So, {s;,z;}, and {t;,4;}7_, are modeled as noisy realizations,
with noise level €, from a GP. The e-kernel then measures the likelihood of observ-
ing our observed spatio-temporal data {t;,y;}7_, given simulation data {s;, z;}"",.

With the above e-kernel, the new KML surrogate is
4(y]t.0) = ko(t, y)" (L + mAI)€(6), (4.40)

where k(t,y) := {rc((t,y), (s;,%;))}72;. We call this the spatio-temporal kernel
means likelihood (ST-KML).

Notice that we use GPs in a very different way to other ABC approaches that
use GPs. For example, Gaussian process surrogate ABC (GPS-ABC) [Meeds
and Welling, 2014] models the generation process of summary statistics from the
simulator and summary operation as a GPR. The input to the GPR in GPS-ABC is
a parameter 8 € 9, whereas the input to the GPR in ST-KML is a spatio-temporal
coordinate t € T or s € §. In GPS-ABC, the GPR is trained on simulated pairs
of {6;,x;}7,, and the predictive distribution is evaluated at {6;,y};?; with any
query parameters {6;}., at the same observed data y to evaluate the approximate
likelihood. Furthermore, each index correspond to the summary statistic of a whole
dataset. This is in contrast to the GPR in ST-KML. In the e-kernel of the ST-
KML, the GPR is trained on {s;, z;}?, and the predictive distribution is evaluated
at the observed spatio-temporal data {t;,y;}"_ ;. Here, each index correspond to
a datapoint. The relationship across datasets is then handled by the CME in the
overall KML.

On the other hand, the GPR in Gaussian process accelerated ABC (GPA-ABC)
[Wilkinson, 2014] treats the log likelihood density directly as targets, instead of
summary statistics. Again, the input to their GPR is a parameter 8 € 4.

Furthermore, unlike GPS-ABC where the overall likelihood of summary statistics
given parameters is assumed to be Gaussian, in ST-KML the Gaussian assumption
from the GPR is only on the residual process from the latent process to simulated
processes x(s) or observed processes y(t), and particular forms for the overall
likelihood is not assumed.

This is the first work in our knowledge that specifically address spatio-temporal
data by defining a GP-based e-kernel to capture spatio-temporal. Specifically, we
leverage the smoothness properties in such a data, where y; and y; would be more
related if ¢; and ¢; are close.

It is worthwhile to point out again that the GPR for the e-kernel and the CME
for the overall KML are modeling entirely different relationships between different
pairs of spaces. The former models relationships from 7 = S to Y = X. The
latter models the relationship from ¥ to X.
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4.6 12:d Kernel Means Likelihood

We specifically address the scenario for performing LFT on 4d data using KELFT.
Similar to the motivation behind the construction of ST-KML, e-kernels that op-
erate on the raw data directly instead of on the summary statistics can leverage
more information for the KML approximation. In the setting where simulation
data is limited, this extra information can make noticeable improvements to the
KML approximation such that more accurate posterior inference can be achieved.

Importantly, it is worthwhile to point out that even under the scenario where a
sufficient statistic is available for id data, the KML still benefits from an e-kernel
that operate on the raw data directly. Recall that a statistic is sufficient with
respect to a statistical model and its associated unknown parameter if “no other
statistic that can be calculated from the same sample provides any additional
information as to the value of the parameter” [Fisher, 1922]. In our setting, the
statistical model is the data likelihood, which in the LFI setting is assumed to
be unavailable or intractable. While the statistic is sufficient with respect to the
true likelihood, it may not be necessarily sufficient to likelihood approximations,
including the KML. Since we are performing inference using the KML, this means
that we may still gain extra information if we use the original raw data.

In order to make use of the full raw #d dataset, we can construct e-kernels
through the MMD between empirical distributions described by the datasets.
One common example is the unnormalized e-kernel k.,(y,x) < keo(y,x) =
exp ( - ﬁH/SLY - ﬂXH%-[k)a where jiy = %Z?:l Ea(Yz& )y fix = %Z?:1 %a(xia ) are
empirical mean embeddings of the observed and simulated raw data. Here k is an-
other kernel with hyperparameters «, which can be learned via the MKMIL. This
was also used in double kernel ABC (K2-ABC) [Park et al., 2016] and distribution
regression ABC (DR-ABC) [Mitrovic et al., 2016] to remove the requirement of
summary statistics. Note that the normalization constant for the density k., is
not required as it will be canceled out in the surrogate density for the posterior.

In contrast to the MMD-based e-kernel, a more direct approach would be to lever-
age the conditional independence of observations y; given simulations x;, which
gives ke (y,x) = pe(y|x) = 112, pe(vilzi) = TTi; N (yi; 2:,€2). On top of the raw
data itself, this has the added advantage of leveraging another crucial information,
which is simply the size of the dataset. With this e-kernel, the new KML surrogate
is q(y]0) = ke(y)" (L +mAI)~"£(8), where k. (y) := {rc(y,x;)}}2,. We call this
the independent and identically distributed kernel means likelihood (iid-KML).

This can be extended to multivariate data by replacing p.(vi|x;) = N (yi; x4, €2)
with pe(yilx;) = N(yi;x;; E) so that k.(Y,X) = [[i; pe(yi|x;), where E is a
noise covariance matrix that can be learned also under the MKML.
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4.7 Normalizing Priors

Under certain conditions, we can always transform a particular LFT problem into
another LFT problem that involves a Gaussian or normal prior without loss of
generality. These assumptions are that pe(0) = HdD:1 pe,(04) is a continuous PDF
whose entries are independent, and that its inverse marginal CDF's P(gdl exists and
is tractable.

In terms of notation, we denote the parameters as 6 = {04}, € 9 for D param-
eters. For this section only, multiple iid copies will be indexed by a superscript
0Y) for j € [m]. Hence, the d-th parameter of the j-th parameter values is 95; )
For densities, we use the corresponding random variable as the subscript to denote
which distribution we are referring to. For example, we used p(0) as the shorthand
for the more formal notation of pg(@) in the rest of the paper, but here we will
keep the subscript to make this explicit.

Suppose the original prior pg (@) is not necessarily Gaussian, but satisfies the afore-
mentioned assumptions. Let Z be a random variable of the same dimensionality as
© with realization z € Z. Let pz(2) = [y Pz, (2a), where pz,(z4) = N (24; f1a, 02)
so that its density is a multivariate anisotropic Gaussian. Convenient choices that
simplify transformations are uy = 0 and o, = o for all d € [D], although the
general methodology remains.

Below we outline the general procedure for transforming a LFT problem into an-
other LFI problem that involves a Gaussian prior.

1. Generate Gaussian samples zU) ~ py(z) for j € [m).

2. Convert Gaussian samples z into uniform samples u through “1(1 = p, (25 g ))

for j € [m] and d € [D]. That is, u) ~ U(0,1)” for j € [m).

3. Convert uniform samples u into prior samples through 90 = Py ( (]))
for j € [m] and d € [D]. The overall forward transformation is T( ) =
{Tu(zq)}, where Ty(z4) = (PZd(zd)). Since P! exists, the inverse
transformation is T~1(6) = {T Y(0a) Y2, where T;(64) = Py (Po, (b))
Hence, we have V) = T(z\)) for j € [m].

4. Run simulator at parameter samples x) ~ pxje(:|0Y)) = pxje(:|T(z"))) =
px|z(-]z). We now have joint samples {z(j),x(j)}gnzl.

5. Use the KELFI framework to approximate the posterior pzyy(z|y) using the
simulation pairs {z/), X(j)};-":l. Either we obtain the KMP gy (z]y), or we
obtain KMPE super-samples {z}7_;.



Bayesian Conditional Kernel Mean Embeddings for Likelihood-Free Inference 109

6. If we have samples {2,}5_,, then to obtain the corresponding samples for

goyy(0]y), we simply pass the samples {2,}7_, through the transformation
T so that 8, = T(z,) for s € [S].

7. If we have the KMP, then to obtain the corresponding posterior density
we use the standard change of variable transformation which would yield
goy (0]y) = qzry (T71(0)]y)| det Jp-1(0)|. The Jacobian of T~ isa D x D

-1
matrix whose (4, j)-th entry is (Jp-1(8));; = %(9). Since the transfor-
mations of each parameter is done independently from each other, T, * does

not depend on 0; if i # j. Consequently, the Jacobian is diagonal. The

diagonal entries are %T—gi(@) = %Pz_il(Pei(Qi)) = (PZ_il)’(P@i(Qi))p@i(Hi) =
[pz,(P (Pe,(6:)))]'pe,(0:) = [pz,(T;"(6:)] 'pe,(0:). In the second last
equality we made use of the fact that the computation of the derivative of
the quantile function requires only the knowledge of the density and the
quantile function itself, since (P71 (u) = (P'(P~(u)))~!. Thus, the de-
terminant of the Jacobian is det Jp-1(8) = [1%,[pz (T;,1(6:)] pe,(6:) =
pe(0)[T1L, p2 (T (6:)] " = pe(6)[p2(T-1(6))] . The change of vari-
able transformation becomes

pe(0)
pz(T-1(0))

Finally, the form simplifies when the form of the KMP g¢zv(T(0)]y) is
substituted back in,

gory (01y) = qziy (T7'(0)]y) (4.41)

tory (6ly) = ayiz(y|T~'(0)pz(T~'(0)) pe(8)
| av(y) pz(T~1(8))
_ qvz(y|T~(0))pe(8)
ay(y) .

(4.42)

Note that the MKML gy (y) is still marginalized over the simpler Gaussian
distribution,

ax(y) = / dviz(y12)pa(z)dz. (4.43)

In this way, we simplify the LFI problem into another LFI problem which involves a
Gaussian prior such that KELFI solutions are closed-form under Gaussian kernels.
Once KELFT solutions have been computed in the new parameter space Z, the
solutions can be easily transformed back into the original parameter space v as
above.

This process is possible since the likelihood is intractable already. Hence, trans-
formations T of variables z into simulator parameters @ can be included as part
of the simulator without changing the nature of the problem.
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If simulation pairs {0(3'),)((1')};?1:1 in the original space are already provided, pa-
rameters 8 can be converted into Gaussian variables via z¥) = T~=1(8Y)) for

j € [m] so that the pairs {zt),x@}™ | can be used to proceed.

As an extension, instead of transforming the LFI problem with a general contin-
uous prior into one with a Gaussian prior, if the prior is fundamentally multi-
modal, we can also transform it into one with a Gaussian mixture model as the
prior. Since the prior density is a linear combination of Gaussians, all derivations
remain closed-form from a linear combination of the results with each Gaussian
component.

Finally, it is important to recognize that while there is no loss of generality to the
inference problem when performing this prior transform, the transformation do
change the interpretation of the hyperparameters learned with the MKML. Since
the kernel ¢ is now placed in the Z space, the hyperparameters of ¢ cannot be
interpreted directly for the original parameter space ¢ unless the transformation
between Z and 9 is simple enough to translate the interpretation. Nevertheless,
hyperparameters can still be learned by optimizing the MKML.

4.8 Related Work

The simplest ABC algorithm is arguably the rejection ABC (REJ-ABC) sampler
[Pritchard et al., 1999]. It posits a set of prior parameters and rejects those whose
simulations do not match the observations within a fixed threshold ¢ > 0 under
a distance measure. This can be extremely expensive even for cheap simulators.
Critically, the hyperparameter € crucially balances accuracy and computational
efficiency and its learning remains to be addressed.

Instead of sampling from the prior, MCMC-ABC and sequential Monte Carlo
ABC (SMC-ABC) sample from proposal distributions iteratively and carefully
accepts or discards each proposal stochastically based on approximate likelihood
ratios [Marjoram et al., 2003, Sisson et al., 2007]. They can however suffer from
slow mixing, where it is difficult to escape a lucky sample with a high likelihood.
They also do not leverage likelihood smoothness and thus require multiple new
simulations every iteration, which are then discarded and may still not result in an
accepted sample. This is because approximations to the likelihood p.(y|0) (4.2)
rely on empirical means over S simulations for that particular parameter setting
0, p.(y|0) ~ %Zilpe(y\x(s)) = %Zil ke(y,x®) [Andrieu et al., 2009).

Synthetic likelihood ABC (SL-ABC) and adaptive synthetic likelihood ABC (ASL-
ABC) alternatively use Gaussian approximations p.(y|0) ~ N (y; pe, Xe+€¢>I) and
estimate the mean and covariance from simulations [Wood, 2010]. Nevertheless,
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these approaches also require generating S new simulations {x*)}%_, correspond-
ing to the particular parameter setting @ where the likelihood is queried. Not
only are synthetic likelihoods parametric Gaussian approximations, they also ap-
proximate separately at each 8. In contrast, surrogate likelihood approaches like
KELFT use consistent nonparametric approximations so that (1) only one new
simulation is required at each new parameter 8 and (2) likelihood queries do not
need to be at parameters where simulations are available.

Another branch of study include stochastic variational inference (SVI) approaches
to ABC, which treats the likelihood approximation as another source of stochastic-
ity in the stochastic gradient. This includes AV-ABC [Moreno et al., 2016], VBIL
[Tran et al., 2017b], and VBSL [Ong et al., 2018]. In contrast, likelihood-free
variational inference (LEVI) [Tran et al., 2017a] uses density ratio estimation to
approximate the variational objective, emphasizing inference on local latent vari-
ables. Nevertheless, SVI approaches posit parametric approximations that may
have asymptotic bias, and are also harder to implement in practice. In contrast,
nonparametric surrogate approaches like KELFI have asymptotic convergence and
implementations boil down to simple linear algebra.

Kernel-based approaches that leverage likelihood smoothness have been studied
recently to reduce simulation requirements. The philosophy is that simulations
of close-by parameters are informative, thus past results should not be discarded
but remembered, even if this introduces model bias. K-ABC [Nakagome et al.,
2013], KR-ABC [Kajihara et al., 2018], and KBR [Fukumizu et al., 2013] also
employ CMEs to reduce simulation requirements. They differ to KELFT in the
three aspects of model, learning, and inference. (Model) While they build poste-
rior mean embeddings directly, KELFT builds likelihood surrogates first and make
use of the full prior density to further leverage prior information before building
posterior surrogates, which are then embedded into closed-form posterior mean
embeddings. In contrast, the prior only appears as samples from p(0) in K-ABC,
KR-ABC, and KBR. This both limits the prior knowledge leveraged and prohibit
the use of proposal prior samples. (Learning) KELFI crucially addresses hyper-
parameter learning in reference to the inference problem directly which was not
straightforward previously. (Inference) K-ABC and KBR primarily infer poste-
rior expectations, while KR-ABC produce point estimates. Instead, we design
a posterior sampling algorithm, which subsumes inferring posterior expectation.
We further provide approximate posterior density KMP, which can both produce
point estimates and quantify uncertainty.

As a consequence of theorem 4.4, the KMPE converges at rate Op(m’i) in RKHS
norm if the regularization hyperparameter X is chosen to decay at rate Op(m’%).
Notably, this is faster than the convergence rate of KBR at O,(m~2®) where
0<a< %, which also requires further assumptions on cross-covariance operators
and appropriate decays for regularization hyperparameters [Fukumizu et al., 2013].
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Finally, we highlight that hyperparameter learning is a crucial aspect and differ-
entiator of KELFI. This is especially true for learning e, which tunes the critical
balance between an accurate posterior p.(6|y) ~ po(8|y) with small € requiring
high numbers of simulation calls, or a less accurate posterior with large e relaxing
the number of simulations required. This has been a challenging issue to address in
the ABC literature in reference to the inference problem, even though its selection
is often pivotal to the performance of the algorithm.

In the GP literature, hyperparameter learning through maximum marginal like-
lihood plays an important role in the success of a GPR. GPS-ABC [Meeds and
Welling, 2014] and GPA-ABC [Wilkinson, 2014] model the summary statistics
surface and log likelihood surface respectively via a GP surrogate. In contrast,
the KML model is equivalent to placing a GP surrogate on the likelihood surface
itself. This removes the assumption that summary statistics are independent and
Gaussian distributed as in GPS-ABC. It further avoids the need for a GP prior
with non-zero mean as in GPA-ABC, since likelihoods should revert to zero in the
absence of simulations. In exchange, we lose non-negativity guarantees in the like-
lihood and posterior. We address this by proposing to sample from the equivalent
posterior mean embedding instead.

Importantly, while GPS-ABC and GPA-ABC apply the GP marginal likelihood to
learn their surrogate hyperparameters, it cannot learn € or other hyperparameters
since they are not part of the surrogate. This is because both approaches maxi-
mize the marginal likelihood for the GPR problem on the their respective target
surfaces, but not the marginal likelihood for the overall inference problem, thus
excluding other hyperparameters in the process.

4.9 Experiments

The goal of the experiments is to demonstrate the inference accuracy of KELFI
under limited simulation budget and the effectiveness of MKML hyperparameter
learning. We begin with isotropic € and anisotropic 8 = fyo, and learn (e, f3y)
by maximizing the MKML (4.5) while keeping A = 10733, fixed for simplicity.
We use Halton sequences [Halton, 1960] to sample from the proposal prior, which
is set to the original prior 7(@) = p(@) for simplicity. In all experiments we
found that we did not need to clip the KML or KMP even though they are not
guaranteed a-priori to be strictly positive. This is because we used an universal
kernel such as a Gaussian kernel on both ¥ and D so that their RKHS is dense in
their respective L? spaces [Carmeli et al., 2010]. Because densities and likelihoods
are often square-integrable, accurate estimations can be achieved. Finally, since
we use kernel herding to super-sample the KMPE, the KMPE is not required to
be positive to begin with.
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FIGURE 4.1: (Left) Comparison of approximate posteriors obtained from sur-
rogate methods on the toy exponential-gamma problem. (Right) The corre-
sponding MKMTL surface ¢(y) as a function of (e, 3) with A = 10733.

4.9.1 Toy Problem: Exponential-Gamma

The toy exponential-gamma problem is a standard benchmark for likelihood-free
inference, since the true posterior p.(6|y) is known and tractable even for € = 0.

To stress-test each method, we compare inference accuracy under very limited
simulations of m = 100. We focus on comparing surrogate approaches, since
other methods such as REJ-ABC, MCMC-ABC, SL-ABC, and ASL-ABC have re-
ported simulation requirements several orders higher than m = 100 on this problem
[Meeds and Welling, 2014]. We use datasets of n = 15 for both observations and
simulations, with their sample means as the summary statistic.

For GPS-ABC only we set a simulation budget of m < 200 and run it until 10000
posterior samples are generated. The hyperparameters of the GP surrogate itself
are learned by maximizing the marginal likelihood of the GPR [Rasmussen and
Williams, 2006]. For the remaining hyperparameters that are not part of the
surrogate, several configurations are compared and the results of the best two are
shown, which used m = 130 and m = 197 simulations. For K-ABC, K2-ABC,
and KBR, we use the median heuristic to set their length scale hyperparameters
and manually search for the most appropriate regularization hyperparameters. We
use kernel density estimation (KDE) to visualize the posterior density from the
unweighted samples of GPS-ABC and normalized weighted samples of K-ABC,
K2-ABC, and KBR in figure 4.1 (left).

For KELFI, we show the KMPs directly in figure 4.1 (left). We first demonstrate
the case when all hyperparameters (¢, 5, \) are learned (All-Opt). To enable visu-
alization in 2D, we also present the case when the regularization hyperparameter
A is set to 10733 and only length scale hyperparameters (e, 3) are learned. In
this case, we show KMPs under globally optimal (Scale-Global-Opt), locally op-
timal (Scale-Local-Opt), and arbitrarily chosen hyperparameters (Non-Opt). The
corresponding MKML surface is shown in figure 4.1 (right).
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In figure 4.1 we compare approximate posteriors from each algorithm against the
true posterior p.—o(0]y). While € = 0 for p._¢(0|y), with only 100 simulations € > 0
is required for most LFI methods. Furthermore, except for K2-ABC, they only
make use of summary statistics without further knowledge of the dataset size n.
Consequently, most LFT methods produce approximations wider than p._o(6|y).
Intuitively, there is not enough simulations and thus information to justify a more
confident and peaked posterior. Nevertheless, by learning hyperparameters under
the MKML, KELFI determines an appropriate scale € for 100 simulations. As a
result, KMPs are the closest to the true posterior p._o(@|y), with higher MKML
q(y) leading to more accurate KMPs ¢(@|y). This demonstrates the effectiveness of
MKML as a hyperparameter learning objective for improving inference accuracy.
In contrast, the two instances of GPS-ABC reveals that varying hyperparameters
lead to significant changes in the resulting approximate posterior, yet without a
similar objective like MKML it is unclear which one to use without ground truth.
This is further emphasized by the wider posterior approximations obtained from K-
ABC, K2-ABC, and KBR, which use the median heuristic to set hyperparameters.
This is often sub-optimal as it makes no reference to the inference problem.

4.9.2 Chaotic Ecological Systems: Blowfly

The Blowfly simulator describes the complex population dynamics and evolution of
adult blowflies. Across a range of parameters it exhibits chaotic behavior that have
distinct discrepancies from real observations, resulting in a challenging inference
problem. Our experimental setup follows that of Wood [2010]. There are 6 model
parameters from which the simulator generates a time series of 180 data points that
is then summarized into 10 statistics as described in Meeds and Welling [2014],
Moreno et al. [2016], and Park et al. [2016]. The 10 summary statistics are the
log of the mean of each quartile of {N;/1000}_, (4 statistics), the mean of each
quartile of first-order differences of {N;/1000}7_, (4 statistics), and the maximal
peaks of smoothed {N;}7_, with two different thresholds (2 statistics). We also
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use a diagonal Gaussian prior on log @ with means [2, —1.5,6, —1, —1,log (15)] and
standard deviations [2,0.5,0.5,1,1,1log(5)]. Notice that we have slightly modified
the standard deviation to be broader to make the problem more challenging.

The standard Blowfly problem has no ground truth parameters, only a set of obser-
vations. We therefore measure inference accuracy by considering the normalized
mean squared error (NMSE), which is computed in the following manner.

Firstly, before the experiments, we sample 10000 parameters from the prior and
simulate a set of summary statistic from each of them. We then compute mean
squared errors (MSEs) of each simulated summary statistic against the observed
summary statistic, and average them cross the 10000 MSEs. This leaves a vector of
10 numbers, consisting of average MSEs under the prior for each summary statistic.
We use 10000 samples as MSE estimates has stabilized with little variance.

Secondly, during each experiment, we run 1000 simulations under the posterior
mean or mode obtained from the algorithm, and compute MSEs of each simulated
summary statistic against the observed summary statistic, and average them across
the 1000 MSEs. This also produces a vector of 10 numbers, consisting of average
MSEs under the posterior mean or mode for each summary statistic. We then
divide the MSEs under the posterior mean or mode by the MSEs under the prior
computed earlier. This results in a vector of 10 numbers which is now the NMSE
for the 10 summary statistics. Since now all 10 error measures are normalized
with respect to the prior, we average them for a final single NMSE score.

In this way, each statistic is normalized in the final average and a NMSE of 100%
correspond to the performance of the prior. Hence, the NMSE measures the error
as a percentage of the error achieved by the prior.

Finally, note that this is the NMSE score for a particular experiment. For each
algorithm, we further repeat the experiment and thus this calculation process 10
times and show the average and the deviations in figure 4.3.

As simulations are expensive, in figure 4.3 (left) we record average NMSE against
the number of simulations used to understand inference efficiency.

As new simulations become available, we relearn and update the hyperparameters
for KELFI by maximizing the MKML. Figure 4.2 (center) shows an instance of the
MKML surface used to learn the hyperparameters for KELFI when using m = 280
simulations. For KBR and K-ABC we update hyperparameters by the median
length heuristic. For K-ABC we also report the case where the heurstic is scaled
by an arbitrarily chosen constant denoted with (S), which achieved significantly
better accuracy and confirms that the heuristic is often sub-optimal.

For all algorithms except KBR, we evaluate their performance by simulating from
their posterior mean. For KBR only, we simulate from its posterior mode. This is
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because KBR posterior mode consistently outperformed KBR posterior mean for
the Blowfly problem. Using the posterior mode will present KBR in its best light.

We now detail the hyperparameter choices for each algorithm other than KELFT,
since most algorithms do not have a hyperparameter learning algorithm for the
inference problem. Refer to their respective papers for a description of the meaning
of each hyperparameter. For algorithms that use a MCMC proposal distribution,
we choose a Gaussian proposal distribution with a proposal standard deviations
that are 10% of the prior standard deviations. For MCMC-ABC, we used € = 5.
For SL-ABC, we used ¢ = 0.5 and S = 10. For ASL-ABC, we used Sy, = 10,
e=0.5,£=0.3, m=10, and AS = 10. For GPS-ABC, we used Sy, = 20 samples
from ASL-ABC to initialize the GP surrogate, and choose € = 2, £ = 0.05, m = 10,
and AS = 5. For K-ABC and KBR, we used median length heuristic to set length
scale hyperparameters, and choose A\ = 10~*. Note that KBR uses two kernels
on both the parameter and the summary statistics and have two regularization
hyperparameters.

Overall, the top three performers are KELFI, KBR, and GPS-ABC. Across a range
of simulation calls, KELFI achieves the lowest error. It is also the only method
that achieved less than 1% average NMSE within 1000 simulations and achieves
this as early as 300 simulations. The most competitive methods to KELFT are
KBR and GPS-ABC. For these three methods, we also show their variability from
best to worst case NMSEs out of the 10 repeats to visualize their sensitivity to
the stochasticity in randomized simulations. This reveals that KELFI is a stable
outperformer with comparatively less variability across randomized runs.

We proceed to demonstrate and emphasize the effectiveness and suitability of
MKML as a hyperparameter learning objective, using the case with 280 simula-
tions as an example. Figure 4.2 (center) illustrates that hyperparameters with a
higher MKML (4.5) result in lower NMSE consistently. Notably, even with sub-
optimal hyperparameter choices, KELFT still achieves competitive average NMSE
scores of less than 2.2%. At 280 simulations, the next best average NMSE score
is almost 3% by MCMC-ABC as shown in figure 4.3 (left).

Figure 4.3 (center) suggests that learning the scale ¢ under MKML reveals an
automatic decay schedule which does not have to be set a-priori. As e controls
the scale within which discrepancies between simulations and observations are
measured, it is expected that this scale decays as more simulation data is available.
Without the MKML, both the initialization of € and its decay schedule are not
straight forward to determine.

In figure 4.2 (left), we show that we can perform ARD on the ABC e-kernel k., and
hence the kernel k¢, by using a different ¢; for each of the 10 statistics. We do this
by initializing each ¢; to the isotropic solution in figure 4.2 (center) and further
optimize the MKML to learn all ¢; jointly. In particular, the first summary statistic
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describes the average log population numbers nears its troughs (first quartile), and
is determined to be comparatively irrelevant (high ¢;). Meanwhile, the last two
statistics describe the number of peaks at two thresholds, and are determined to
be comparatively relevant (low ¢;). This agrees with the intuition that Blowfly
population dynamics are highly characterized by its peaks, instead of i its troughs
[Wood, 2010].

4.9.3 Predator-Prey Dynamics: Lotka-Volterra

The Lotka-Volterra simulator describes the time evolution of the populations
within a predator-prey system. Only for a small set of parameters does the model
simulate a realistic scenario with oscillatory behavior, making the inference task
formidably challenging.

We reproduce the setup as described in Papamakarios and Murray [2016]. There
are 4 parameters and 9 normalized summary statistics. We simulate data and
hence summary statistics using the ground truth parameters and treat this as the
observational data, and use it across all experiments and algorithms.

We place the same uniform prior on the log parameters. In particular, the prob-
lem places a uniform prior over log 6. Since the parameters are independent from
each other in the prior, transforming the LFT task into one with a Gaussian prior
is straight forward by doing it separately for each parameter as described in sec-
tion 4.7. To convert from log @ to z, denoting a realization of a Gaussian random
variable, we first offset and scale it to a uniform in [0, 1] then apply the standard
normal quantile function. To convert it back, which is required before we pass our
parameter query to the simulator or to present our results, we apply the standard
normal cumulative distribution function and scale and offset the uniform back to
its original ranges. Similar to the other experiments, we do not learn the prior hy-
perparameters in this paper to enable benchmarking against other methods with
the same prior, so the transformed prior stay as a standard normal.
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To apply the closed-form solutions for KELFI, we transform the prior samples
into a standard Gaussian distributed samples, apply KELFI, and transform the
posterior samples back to the original space for log 0.

After performing inference on all four parameters, we show in figure 4.3 (right)
the marginal posterior distribution for log ;. With a uniform prior and a complex
intractable likelihood, the posterior is unlikely to be a Gaussian. KELFI does
not assume that the posterior is a Gaussian and thus can provide more flexible
and accurate posteriors. After learning appropriate hyperparameters for KELFI
under MKML, we draw 10000 super-samples from the KMPE to compute the
posterior mean, and maximize the KMP to compute the posterior mode. Finally,
to compute the 95% credible interval as shown in figure 4.3 (right), we compute
the empirical 2.5% and 97.5% quantile using the 10000 super-samples.

KELFT achieves competitive performance using only 2500 simulations, with both
posterior mean and mode close to the true value. The MKML for hyperparameter
learning is shown in figure 4.2 (right). Posterior mode is obtained by maximizing
the KMP. Meanwhile, the three ABC methods used up to 100000 simulations.
While confident, LEVI [Tran et al., 2017a] tends to have a biased posterior mean.
For direct comparison, both KELFI and mixture density network (MDN) [Papa-
makarios and Murray, 2016] use the original prior as the proposal prior. KELFT
achieves slightly higher accuracy than MDN which used 10000 simulations, 4 times
that used for KELFI. Finally, we also similarly use 2500 simulations for KBR. With
the same number of simulations, KELFI achieves higher accuracy in both mean
and mode with higher confidence.

4.10 Summary and Future Work

KELFT provides a holistic framework for automatic likelihood-free inference. It is a
stable outperformer compared to state-of-the-art methods, while producing inter-
pretable automatic relevance determination of summary statistics and automatic
decay schedules for e. By optimizing an approximate Bayesian marginal likeli-
hood, it automatically learns and adapts hyperparameters including the e-kernel
to improve inference accuracy when limited simulations are available.

The framework is general and flexible, and can be extended in multiple directions.
Since the samples 8; ~ 7(0) do not have to be from the prior p(@), to further
reduce simulation requirements it is possible to choose or adapt 7 during the
simulation process in a way that focuses on high likelihood regions.

The KML enables approximate likelihood queries at any @ € 1, even if simulation
data is not available at the corresponding 6. By using the KML as a surro-
gate model for the true likelihood and accepting some modeling bias, we avoid
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requiring multiple expensive simulations at each query 6 that is used by many
MCMC-based ABC approaches. In fact, as a function of 8 the KML ¢(y|-) is the
predictive mean of a GPR [Rasmussen and Williams, 2006] trained on observations
{0;, re(y, x;)}j2, with a GP prior GP(0,/) and Gaussian likelihood A (0, mAl),
since they admlt the same resulting form. This connection could provide uncer-
tainty estimates in the KML approximation of the likelihood via the GP predictive
variance. It is possible to then use Bayesian optimization (BO) [Snoek et al., 2012]
or active learning methods to guide the proposal prior 7 in a sequential learning
fashion that will result in the more accurate KML approximations for a fixed
number m of simulations.

While our posterior mean embedding (4.9) is closed-form and thus exact for
the surrogate density q(8ly), it is an approximation to the mean embedding
tory—y = [,€(0,-)p(8]y)d0 of the true soft posterior p.(0ly) = p@‘Y(Hly) and
converges in RKHS norm at the same rate as the KML. This is different in a
subtle way to the CME of the posterior used by K- ABC KR-~-ABC, and KBR,
which in fact is an approximation to pex—y = [, €( 9 )pex(0)y)dd, the mean
embedding of pe|x (@|y), which avoids using the e- kernel. A key difference is that
there is no known associated marginal likelihood or approximations thereof for the
direct posterior mean embedding, so cross validation is required for selecting the
remaining kernel hyperparameters in K-ABC, KR-ABC, and KBR. K-ABC also
do not address sampling, although kernel herding can be readily applied in the
same way. Kernel herding is applied to KBR in KMCF [Kanagawa et al., 2016]
for resampling distributions represented as a CME. We believe it would be an in-
teresting direction to investigate the relationships between the original empirical
posterior mean embedding and the surrogate posterior mean embedding.

With regards to hyperparameter learning, in the KME literature, Bayesian learn-
ing of hyperparameters in marginal mean embeddings have been addressed through
a different marginal likelihood approach by placing a GP prior on the embedding
[Flaxman et al., 2016]. However, a general approach for learning CME hyperpa-
rameters in a Bayesum framework remains an open question. Our simple surrogate
density approach can be an alternative solution to the CME Bayesian hyperpa-
rameter learning problem, and may lead to interesting connections.

With regards to sampling, by super-sampling the surrogate posterior mean em-
bedding, the number of posterior samples is decoupled from the number of sim-
ulations. This is unlike likelihood-free MCMC methods for which the algorithm
guides the simulator queries at parameter values that is not necessarily drawn from
the prior, but rather from proposals of a Markov chain. This avoids the problem of
slow mixing that is inherent in MCMC methods, and make KELFI more suitable
for multi-modal posteriors, which remains to be experimented upon.



Bayesian Deconditional
Kernel Mean Embeddings

Conditional kernel mean embeddings form an attractive nonparametric framework
for representing conditional means of functions, describing the observation pro-
cesses for many complex models. However, the recovery of the original underlying
function of interest whose conditional mean was observed is a challenging infer-
ence task. We formalize deconditional kernel mean embeddings as a solution to
this inverse problem, and show that it can be naturally viewed as a nonparametric
Bayes’ rule. Critically, we introduce the notion of task transformed Gaussian pro-
cesses and establish deconditional kernel means as their posterior predictive mean.
This connection provides Bayesian interpretations and uncertainty estimates for
deconditional kernel mean embeddings, explains their regularization hyperparam-
eters, and reveals a marginal likelihood for kernel hyperparameter learning. These
revelations further enable practical applications such as likelihood-free inference
and learning sparse representations for big data.

5.1 Introduction

Observations of complex phenomena often lead to likelihoods that are described
by a conditional mean. A widely applicable setting where this occurs is collecting
observations under uncertain inputs, where the task is to learn a function f : X —
R to model a real-valued response z as a function of inputs z € X without being
able to query or measure z directly to observe this phenomenon. Instead, another
measured input y € )Y relates to x through p(z|y). Consequently, given y, the
response Z has mean ¢(y) := E[f(X)|Y = y], where g is called the conditional
mean of f. Furthermore, p(z|y) is often only available as sample pairs {x;, y;}7,
from simulations, algorithms, or separate experiments, making recovery of latent
functions f from conditional means g a challenging inference task.

120
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Our first contribution begins with formulating deconditional mean embeddings
(DMEs) as solutions to this inference problem by building upon the framework
of conditional mean embeddings (CMEs) [Song et al., 2013]. We show that the
DME can be established as a nonparametric Bayes’ rule in the RKHS and used
for likelihood-free Bayesian inference. In contrast to kernel Bayes’ rules (KBRs)
[Fukumizu et al., 2013] which uses third order tensors that can result in vanishing
priors, DMEs use second order tensors and avoids this problem.

Together with CMEs and KBR, DMEs form a critical part of the KME [Muandet
et al., 2017] framework, where probabilistic rules can be represented nonparametri-
cally as operators that are linear in the RKHS. This greatly simplifies probabilistic
inference without requiring parametrized distributions and compromising flexibil-

ity.

Despite this connection, there are elements unique to the KME framework that
cannot be interpreted or solved via the parallel between probability rules and
RKHS mean operations. Similar to empirical forms for KBR and CMEs, empirical
DMEs are obtained by replacing expectations in its constituent operators with
their empirical means, and introduce regularization for operator inverses to relax
RKHS assumptions, instead of as the optimal solution to a particular loss. Setting
regularization hyperparameters is difficult in practice without an appropriate loss
for the inference task. Furthermore, similar to KBR, the nonparametric Bayes’
rule provided by DMEs is a statement between observed (or simulated) variables
and not on latent functions or quantities. Consequently, uncertainty estimation in
inference of latent functions f still require a separate Bayesian formulation.

Our second contribution establishes a Bayesian regression view of DMEs as poste-
rior predictive means of the task transformed Gaussian process (TTGP), a novel
nonparametric Bayesian model that recover latent relationships between variables
without observing them jointly. TTGPs are so named because we show that
they are a type of transformed Gaussian process [Murray-Smith and Pearlmutter,
2005] where the transformations and noise covariances are learned, by transform-
ing one Gaussian process (GP) task to another, rather than designed from expert
knowledge. We use this connection to derive posterior and predictive uncertainty
estimates for DMEs and explain their regularization hyperparameters as a func-
tion of noise variance. Finally, we derive marginal likelihoods and their scalable
computational forms to learn DME hyperparameters, which can also be applied
to learn inducing points for sparse representations as a special case.
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5.2 Kernel Mean Embeddings

We begin with an overview of the KME framework from which DMEs are built
upon. KMEs are an arsenal of techniques concerned with representations and
transformations of function expectations under highly flexible distributions. They
consider functions that lie within RKHSs Hy and H,, formed by positive definite
kernels k: X x X — Rand £:)Y xY — R. The RKHSs H; and H, are the closure
span of the features ¢(x) = k(x,-) and ¥(y) = ¢(y,-) across z € X and y € )
respectively, endowed with the inner products (-, -)x = (-, <)%, and (-, )¢ = (-, )2,-

The key object is the mean embedding of a distribution px = E[k(X,")] € H.
They encode function expectations in the sense that E[f(X)] = (ux, f), due to
the reproducing property that (k(z,-), f)x = f(z) for all f € Hy.

Higher ordered mean embeddings are vital components of the framework. Specifi-
cally, second order mean embeddings such as Cyy := E[{/(Y, ) @ ((Y,-)] € H,® H,
and Cyy = E[k(X, ) ® ((Y,-)] € Hi ® H, can be identified as cross-covariance
operators Cyy : Hy — Hy and Cxy : Hy — Hj that serve as building blocks of
CMEs and DMEs.

In practical scenarios where only iid samples {x;,y;}"; that are realizations of
(X;,Y;) ~ Pxy for i € {1,...,n} are available, the KME framework becomes
attractive for nonparametric inference because core objects only require expec-
tations under distributions. Consequently, they can be estimated via empirical
means as fix = =y . k(xz;,-), Cyy = LIy, -) @ L(y;,-), and Cxy =
LS k() ® Ly, -) [Muandet et al., 2017].

For feature matrices, we stack features by columns ® := [¢(z1) -+ ¢(z,)] and
U= [¢(y1) -+ ¥(ys)]. We write gram matrices as K := ®7® and L := VTP,
where the (i, j)-th element of AT B is the inner product of the i-th column of A
with the j-th column of B. That is, K;; = ¢(x:)"¢(x;) and Li; = ()T (y;).
When columns are elements of RKHSs such as when ¢(z) = k(z,-) in ® and
¥(y) = L(y,-) in ¥, the notation (-)T(:) is a shorthand for the corresponding
RKHS inner product (-,-); when it is clear from context what H is. For ex-
ample, fTh is shorthand for (f,h); if f,h € Hi. Another common usage is
U = {p(z)" fHoy = {k(xi, ) fY = {(kai ), sy = {fl@)}is, = £
For summing outer products, we write Cyy = WU” and Cxy = 2@U”. Note
that we use non-bold letters for single points x and y, even though they are often
multivariate in practice.
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5.3 Conditional Kernel Mean Embeddings

We now present CMEs in a fashion that focuses on their operator properties. By
reviewing CMEs this way, parallels and contrast with DMEs in the subsequent
section 5.4 become more apparent. Importantly, instead of defining CMEs via an
explicit form, we begin by forming problem statements.

Definition 5.1 (Conditional Mean Problem Statement). Given a function f :
X — R, infer the function g : Y — R such that g(y) = E[f(X)]Y = y| =
Exiy[f](y). We call g the conditional mean of f with respect to Pxy and write
the shorthand g = Exy[f] = E[f(X)]Y = ].

This naturally leads to the notion of operators that map functions f to their
conditional means g = E[f(X)|Y = -].

Definition 5.2 (Conditional Mean Operators). The CMO Cxy : H; — Hy cor-
responding to Pxy is the operator that satisfies

(Cxy)"' f=E[f(X)Y =], V[feH, (5.1)

where (Cxpy)" : Hi — H¢ denotes the adjoint of Cxy-.

Depending on the nature of ¢, unique solutions exist.

Theorem 5.1 (Fukumizu et al. [2004]). Assume that {(y,-) € image(Cyy) for all
y € Y. The conditional mean operator (CMO) Cxy is unique and given by

Cxpy = CxyCyy-. (5.2)

The assumption that ¢(y,-) € image(Cyy) for all y € ) is commonly relaxed by
introducing a regularization hyperparameter A > 0 to the inverse, so that the
CMO is replaced with Cxy (Cyy + A )™t [Song et al., 2013].

Contrary to definition 5.2, it is more common in the literature to define the CMO
as the operator Cx|y that satisfies

Cxl(y,-) =Ek(X,)|Y =y], Vye), (5.3)

while (5.1) is taken as an immediate property of CMOs [Fukumizu et al., 2004].
However, due to lemma 5.1, we instead take definition 5.2 as the definition of
CMOs, emphasizing CMOs as solutions to the conditional mean problem, and
treat (5.3) as an immediate property.

Lemma 5.1. Statements (5.1) and (5.3) are equivalent.
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The CME of Pxjy—y is pxjy=y := Cxyl(y,) € Hi, equivalent to querying the
CMO at a particular input y. Consequently,

= (l(y, "), (Cxwy) f>e
= (U(y,"), 9)e

=g(y).

<H’X\Y=y7 f>

(5.4)

Motivated by theorem 5.1, empirical CMOs and CMEs are defined by estimating
their constituents by empirical means.

Definition 5.3 (Empirical Conditional Mean Operator). The empirical CMO is
CX\Y = ny(ny + )\I)_l, A > 0.

Theorem 5.2 (Song et al. [2009]). The nonparametric form for éx|y is

Cxpy = O(L +nAI) 10T (5.5)

The empirical CME is then fix|y—, := C’X|y€(y, ).

Consequently, with £(y) := {{(y;,y)}i—,, an estimate for Exy [f](y) is (f, fix|y=y)r =
(f, Cxpylly, )i = fTO(L 4+ nA) Ty, ) = £1(L + nAI)"L(y).

Critically, while empirical CMOs (5.5) are estimated from joint samples from the
joint distribution Pyy, they only encode the conditional distribution Pxy. This
means that the empirical CMOs will encode the same conditional distribution
even if the joint distribution Pxy changes but the conditional distribution Pxy
stays the same. That is, the empirical CMO built from joint samples of p(z,y) =
p(z|y)p(y) and the empirical CMO built from joint samples of ¢(z,y) := p(z|y)q(y)
will encode the same conditional distribution p(z|y) and converge to the same
CMO.

5.4 Deconditional Kernel Mean Embeddings

We now present a novel class of KMEs referred to as deconditional mean em-
beddings (DMEs). They are natural counterparts to CMEs. The presentation
of definitions and theorems in this section is mainly parallel to section 5.3. We
define the deconditional mean problem as the task of recovering latent functions
from their conditional means.

Definition 5.4 (Deconditional Mean Problem Statement). Given a function g :
Y — R, infer a function f : X — R such that ¢g(y) = E[f(X)|Y = y]. We call f a
deconditional mean of g with respect to Px|y and write the shorthand f = EE(.'Y[g].
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The deconditional mean of a function ¢ infers the function f whose conditional
mean would be g with respect to Px|y. The corresponding operator that encodes
this transformation is the DMO.

Definition 5.5 (Deconditional Mean Operators). The deconditional mean oper-
ator (DMO) X‘Y : Hi, — H, corresponding to Pxy is the operator that satisfies

(Cxy) Ef (XY =] =f Vf€Hs (5.6)

Depending on the nature of ¢ and k, unique solutions exist.

Theorem 5.3. Assume that ((y,-) € image(Cyy) for all y € YV and k(z,-) €
image(C’X|yny(CX|y)T) for all x € X. The deconditional mean operator (DMO)
C’;(‘Y 1s unique and given by

Cyiy = (CxyCyy) " (Cxpy Cyy (Cxpy)™) (5.7)

Similar to the case with CMOs [Song et al., 2013], the assumption that k(z,-) €
image(Cx)yCyy (Cxy)") for all z € X can be relaxed by introducing a regular-
ization hyperparameter ¢ > 0 to the inverse, so that the DMO is replaced with

(CX\YCYY)T(CX|YCYY(Cx|y)T +el)™!

Since DMOs invert the results of CMOs, they can also be understood as pseudo-
inverses of CMOs.

Theorem 5.4. If the symmetric inverse ((Cxy)'Cxy)™" exists such that the
pseudo-inverse C;(IY = ((Cxiy) ' Cxy) HCxpy)T of the CMO is well defined, and
further the assumptions in theorem 5.5 hold, then DMOs are pseudo-inverses of
CMOs Clyy = Cliy-

The DME of Px_gy is :“/X=x|y = C%‘Yk:(as, -) € Hy, equivalent to querying the
DMO at a particular input x. Consequently,

<C\ k(z,-),9)e
= (k(z, )(CX|Y) 9k
= (k(z,-), [)x

= f(x).

<M3(:x|Y7 >

(5.8)

~—

The form in (5.7) makes it evident that a DMO can be fully specified once Cx}y
and Cyy, encoding the measures Px|y and Py respectively, are known. If densities
exist, we write them as pxjy = px|v(:|-) and py = py(-), and drop the subscripts
in density evaluations as p(z|y) and p(y) whenever the context is clear. Note that
Px—sy corresponds to pxy(x|-) which is evaluated at z and now a function of y.
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This is in contrast with Px|y—, corresponding to pxy (-|y) evaluated at y and now
a function of z.

Consider the case where X and Y play the roles of observed and unobserved
(latent) variables respectively. The DMO considers the conditional px|y and the
marginal py encoded as Cxjy and Cyy (theorem 5.3), and inverts the CMO Cxy
(theorem 5.4) with the help of the encoded marginal Cyy. This is analogous to
the Bayes’ rule, where the posterior py|x(-|z) = Px|y (8l )pv ()

= Lypxpy @y (y)dy
by the likelihood px|y and prior py. We can then interpret DMEs as querying

is fully specified

the rule at the observed quantity x while leaving the rule as a function of y for
inference. Consequently, we also refer to Cxy and Cyy as the likelihood operator
and the prior operator respectively.

The difference between the DMO (5.7) and CMO (5.2) equations is akin to writing
py|x(-|z) using Bayes’ rule against using the conditional density rule. Compare
the DMO decomposition (5.7) with the CMO decomposition Cy|x = Cy XC’;(_lX =
(Cxy)TCx% in the other direction by reversing the roles of X and Y in (5.2),
which would correspond to the posterior Py x. The CMO is composed of a joint
operator C'xy and an ewvidence operator C'xx corresponding to the joint Pxy and
evidence Px distributions. Similarly, the DMO is also composed of a joint operator
Cxy = CxyCyy : H¢ — Hy, and an evidence operator Cy y := CxyCyy (Cxy)" -
Hi — Hp, but both specified from the likelihood and prior operators.

Motivated by this, we propose to estimate the likelihood and prior operators us-
ing separate and independently drawn samples. The likelihood operator Cxy is
estimated as éx|y (definition 5.3) using id samples {z;,y;}";, also denoted as
x = {x;}}", and y := {y;}?_;. Note that as the likelihood operator is a CMO,
these joint samples can be from any joint distribution Qxy # Pxy as long as
its conditional distribution is also Px|y. The prior operator Cyy is estimated as
Cyy == — > iy (75, ) @L(g;, -) using another set of 4id samples ¥ := {7;}7; from
Py.

Definition 5.6 (Empirical Deconditional Mean Operator). Let € > 0 be a reg-
ularization hyperparameter and define CA'X‘Y and Cyy as above. The empirical
DMO is

ey = (Cxy Cyy)T (Cxpy Cyy (Cxy)™ + eI) ™ (5.9)

The accents notate the set of samples used for estimation. When both sets are
used such as in the estimation of the DMO C}QY, we denote it with a bar such as

/
X|y-

Theorem 5.5. The nonparametric form for C_’gqy is

Cliy = V[ATKA +mel] " AToT, (5.10)
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where A = (L +nX\)"'L, L := VTV, and ¥ := (W) - D(Gm)]-

The empirical DME is then fi'y_, ., = C’;(|Yk(x, ).

Consequently, with k(x) := {k(z;,x)}, and g := {g(gjj)}gnzl, an estimate for
E;W[g] (@) is (g, By _yy e = gl [ATKA + me[rlATk(x). This motivates the fol-
lowing definitions, where the notation g is replaced with z, to be interpreted as
target observations of g at y.

Definition 5.7 (Nonparametric DME Estimator). The nonparametric DME es-
timator, also called the kernel DME estimator or the DME estimator in function
space view, is f(z) = ak(z) = Y, aik(z;, x), where & := A[ATKA+mel | 'z
and A := (L + nAI)"'L. Equivalently, f(z) = 2" [ATKA + md]flATk(x). An
alternative form is f(z) = 2" AT [K AAT + mel k().

When features ¢(z) € R and ¢(y) € R? are finite dimensional, we define the para-
metric DME estimator as follows by rewriting definition 5.7 using the Woodbury
identity

Definition 5.8 (Parametric DME Estimator). The parametric DME estimator,
also called the feature DME estimator or the DME estimator in weight space
view, is f(z) = wl¢(z), where w = [PAATOT +mel] 1®AZ and A := VT (VW7 +
nAI)~'0. Equivalently, f(z) = 27 AT®T[®AAT®T + mel] ' ¢(z).

In definition 5.7 (resp. 5.8), computational complexity is dominated by inversions
for L +nAI and AT KA + mel (resp. WU + nAI and PAAT®T + mel) at O(n?)
and O(m?) (resp. O(¢®) and O(p®)). For the alternative form in definition 5.7,
both inversions are O(n?), allowing for larger m at O(m) without compromising
tractability.

5.5 Task Transformed Gaussian Processes

DMEs are constructed as solutions to the task of inferring deconditional means,
which are often real-valued functions. Regression problems also address inference
of real-valued functions from data. This raises curiosity towards whether DMEs
can be formulated as solutions to a regression-like problem, and what insights this
connection would provide.

In this section, we formulate the task transformed regression problem to provide
regression views of DMEs. To do this, we first briefly review transformed regression
in section 5.5.1 before we present our contributions in section 5.5.2.
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KRR —» BKR

T: Transformed

—  Kernelize features (inputs) B Bavesi
: Bayesian

TKRR TBKR — Bayesian inference (latents)

Transform observations (outputs) K: Kernel
L: Linear
LRR BLR RR: Rldge.Regresswn
R: Regression

TLRR —» TBLR

FIGURE 5.1: Three dimensions of model extensions. Kernel extensions (blue)
specify feature spaces implicitly through a kernel. Bayesian extensions (green)
introduce notions of uncertainty on latent quantities (weights or functions).
Finally, transformed extensions (orange) capture indirect function observations.

5.5.1 Transformed Regression

Standard regression models often assume a Gaussian full data likelihood p(z|f) =
N(z;f,0%I) with targets z := {z;}", € R". In the generalized setting when
observations of f at x are not available but observations of linear combinations
thereof are, we can use p(z|f) = N (z; MTf,Y) for some transformation M € R™*™
and noise covariance X, where z := {Z;}72; € R™ are the available observations.

We refer to this setting as transformed regression. They can be seen as another
dimension of modeling with linear ridge regression (LRR) as the base model (fig-
ure 5.1). KRR is obtained from LRR via the kernel trick and Woodbury identity,
and they are MAP solutions or predictive means of GPR and Bayesian linear re-
gression (BLR) respectively [Rasmussen and Williams, 2006]. Consequently, we
also refer to GPR as Bayesian kernel regression (BKR). Analogous relationships
hold between transformed models.

5.5.2 Task Transformed Regression

We define task transformed regression (T'TR) as the problem of learning to predict
a target variable Z from features X when no direct sample pairs of X and Z are
available but instead indirect samples {x;,y;}7_, and {7;, Z;}72, with a mediating
variable Y are available. The name illustrates the idea of transforming the task of
regressing Z on Y to learn g : J — R, using the task or original dataset {7;, ; }7-,,
to the task of regressing Z on X to learn f : X — R, by mediating the task dataset
through the transformation dataset {z;,y;}",. As the mediating variable Y links
the two sets together, y and y control the task transformation.
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5.5.2.1 DME as solution to chained loss

We formulate losses for TTR, and establish DMEs as solutions. We begin with
the parametric case with f(z) = wl¢(z) and g(y) = vI ¥ (y).

Theorem 5.6 (Task transformed linear ridge regression (TTLRR)). The weights
of the parametric DME estimator f(z) = w'¢(z) (definition 5.8) solve chained
reqularized least square losses,

n

1
V[w] == argmin — Y (W (z;) — v () + Al v,
veRe T i1
Lo (5.11)
w i argmin — 3 (% = Viwl"6(5))? + elwl]
weRP j=1

The notation v|[w] explicitly denotes that v depends on w. Conceptually, in
function space view the first optimization finds g so that f at x best matches with
g at y, leading to a solution g[f] that is dependent on f. The second finds f so
that g[f] at y best matches targets z. Using the kernel trick k(z,2') = ¢(z)T¢(2),
we obtain the nonparametric case.

Lemma 5.2 (Task transformed kernel ridge regression (TTKRR)). The weights
of the nonparametric DME estimator f(x) = a&Tk(z) (definition 5.7) satisfies
w = da (the kernel trick).

5.5.2.2 DME as posterior predictive mean of TTGP

We extend TTLRR and TTKRR to the Bayesian case. This connection reveals
that TTR models are transformed regression models with transformations and
noise covariances that are learned.

In the Bayesian parametric case, we have task transformed Bayesian linear regres-
sion (TTBLR). We place separate independent Gaussian priors p(v) = N'(v; 0, 5%I)
and p(w) = N (w;0,721) for g and f respectively. As z is not observed directly
from f but only for g, we include noise only for observing g to arrive at likelihoods
p(z|v) = N(z;vT(y), 0?) and p(z|w) = N (z; wl'¢(z),0) for g and f respectively.

In the Bayesian nonparametric case, we have task transformed Bayesian kernel
regression (TTBKR). We place GP priors g ~ GP(0,¢) and f ~ GP(0,k) on the
functions directly. Consequently, TTBKR is also referred to as task transformed
Gaussian process regression (TTGPR). Similar to TTBLR, the likelihoods are

p(zlg) = N(z;9(y),0%) and p(z|f) = N (z; f(),0).

The graphical model for TTGPR is shown in figure 5.2. The two GPs for g and f
are linked by constraining their targets to be the same at y and x respectively. The
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FIGURE 5.2: Graphical model (chain graph) for task transformed Gaussian
process regression (TTGPR). Circles are random variables. Shaded circles are
observed random variables. Undirected edges indicate the GP field, where all
the random variables on the field are fully connected to each other [Rasmussen
and Williams, 2006]. The goal is to infer f* to predict z* at x*, using only
a task or original dataset {g;,%;}7L; and a transformation dataset {z;,y;}; .
To connect the two GPs, we posit that the unobserved targets z at x and at y
would have been the same if they were observed. Note that like regular GPs,
to TTGPs the inputs x and y are not modeled as random variables but treated
as index variables instead.

GP for g is used to infer the predictive distribution p(z|z), which in turn specifies
the overall likelihood p(z|f) used to infer f. Detailed derivations are provided in
the proof of theorem 5.7.

Theorem 5.7 (Task transformed Bayesian linear regression (TTBLR) and Task
transformed Bayesian kernel regression (TTBKR)). (1) The TTBLR is a TBLR
with M = UT(WOT + )7 and & = o?VT (VU7 + 1) + 021 as the
transformation and noise covariance. (2) The TTBKR is a TBKR with transfor-
mation M = (L + 02I)'L and noise covariance ¥ = L+ 01 — LT(L + o*I)~'L.
(3) The TTBLR and TTBKR marginal likelihoods are p(z) = N(z;0,[27! —
SLATOTCP AN YY) with shorthand C = [PANTATOT + W%I]*l and p(z) =
N(z;0, ATKA + ) respectively. (4) For both models, when the posterior for g
is approzimated via MAP, the covariance becomes ¥ = o*I. In this case, the
parametric (resp. mnonparametric) DME estimator (definitions 5.7 and 5.8) is

2

the predictive mean of a TTBLR (resp. TTBKR) with A = 7 and € = W‘L’;
(resp. A = %2 and € = %2) An alternative TTBKR marginal likelihood is
p(z) = N(2;0,02[I — AT(KAAT + o*1) 'K A|™1). (5) When both posteriors for
g and [ are approximated via MAP, TTBLR and TTBKR becomes TTLRR and
TTKRR respectively with X\ and € from ().

Importantly, our end goal is to infer f. While this involves inferring g, g is not
of direct interest. A simpler alternative is to only perform Bayesian inference on
f and approximate g with its MAP solution, simplifying the noise covariance via
(4) of theorem 5.7. This establishes a Bayesian interpretation for DMEs as MAP
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estimates of T'TGPs. Critically, by maximizing the TTGP marginal likelihood, we
can learn DME hyperparameters of kernels k£ and ¢, and also A and €. Furthermore,
the computational complexity for alternative marginal likelihood is dominated by
inversions that are O(n?) only, again allowing for larger m at O(m).

In summary, we first establish the DME as a nonparametric solution to the TTR
problem under chained regularized least squares losses that make learning f depen-
dent on learning g. While X\ and e are previously seen as numerical adjustments to
relax RKHS assumptions and stabilize matrix inversions in the KME framework,
they can now be seen as controlling the amount of function regularization under
this loss. Secondly, we present TTGPs as nonparametric Bayesian solutions to
this regression problem and show that DMEs are their posterior predictive means.
Again, inference of f is dependent on the inference of g, allowing GP uncertainties
to propagate through. This connection provides Bayesian interpretations of DMEs
and enable uncertainty estimation in inferring deconditional means. Critically, we
use this to derive marginal likelihoods for hyperparameter learning.

5.6 Nonparametric Bayes’ Rule

While DMOs were constructed as solutions to the deconditional mean problem,
they also resemble Bayes’ rule when we focus solely on considering the encoded
relationship between X and Y. This was motivated by theorem 5.3, which revealed
that the DMO can be fully specified by the CMO Cx|y and the second order mean
embedding Cyy that encoded the likelihood Py x and prior Py respectively. To
establish this view, we investigate the conditions for which the DMO C’;qy coincide
with the CMO Cy|x that encodes the posterior Py|y, leading to a nonparametric
Bayes’ rule.

While first class citizens of probability rules are density evaluations, first class
citizens of the KME framework are expectations. Consequently, instead of relating
density evaluations, rules under the KME framework relate mean embeddings of
distributions at various orders. Importantly, while a distribution Y ~ Py has one
simple density evaluation py(y), it can have different RKHS representations at
different orders such as py and Cyy or higher.

A nonparametric Bayes’ rule is a rule which translates Bayes’ rule into the RKHS,
where distributions are represented as RKHS operators, alleviating limitations
from parametric assumptions or approximations such as Gaussian likelihoods or
posteriors. It computes a posterior operator Cy|x when given only likelihood
operators (e.g. Cxy) and prior operators (e.g. Cyy). The DMO is appealing as
all operators involved are of second order and the same second order likelihood
and prior operators are used for both the joint and evidence operator.
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However, because C' y is not necessarily the same as Cxy, the DMO C’;qy =
(Cxy)T(C%x) ™" is not necessarily the posterior operator Cy|x = (Cxy )" (Cxx)™".
Nevertheless, under certain conditions they coincide with each other.

Theorem 5.8. [f C)ﬂyCy‘XCXX = CX)(, then CS(X = CXX and Cg(ly = Cy|X.

A special instance where the assumptions are met is when X = r(Y’) where r is not
necessarily invertible. Importantly, for empirical DMOs, having x; = z; for any
y; = y; suffices, which can be achieved if all y; are unique. Furthermore, empirical
DMOs _;le can be seen as generalizations of empirical CMOs Cy|x in the other
direction.

Theorem 5.9. If m = n and §; = y; for all i € {1,...,n}, then the empirical
DMO corresponding to Px|y becomes the empirical CMO corresponding to Py x
for A — 0%,
lim Oy = WK +nel] "7 = Gy (5.12)
Intuitively, suppose {z;, y; }i-, are from p(z,y) := p(z|y)p(y) and {7, }7; = {vi}i,
is from p( ), then the DMO of p(x|y) is equivalent to the CMO of p(y|z) =
p(xly)p(y)/ [5, p(zly)p(y)dy in the other direction, as per theorem 5.9. In general,
however if {zs, yi}ie, are from q(z,y) = p(x|y)q(y) and {g;}72, is from p(y), then
using the joint samples from ¢(x,y) only to build the CMO will yield the CMO
of q(ylz) = p(zly)a(y)/ [, p(zly)q(y)dy, while using both the joint samples from
q(z,y) and marglnal samples from p(y) to build the DMO will yield the CMO

corresponding to p(y|x) = p(z|y)p( /fy (x]y)p(

Both the usual and nonparametric Bayes’ rule are derived to reverse the rela-
tionship specified by the likelihood (density or operator, resp.) by matching the
joint. In both cases, the prior (density or operator, resp.) is inevitably required
to perform this computation.

Consider the derivation for Bayes’ rule. When given a forward density p(z|y)
and a marginal density on its conditioned variable p(y) which specifies a joint
p(z,y) = p(x|y)p(y), we seek a backward density ¢(y|z) and a marginal density
q(z) that would yield the same joint ¢(y|x)q(z) = p(x,y) = p(z|y)p(y). It is only
when applying f -dy on both sides, requiring that ¢(y|z) is a density, that we
have ¢(x fy (z|y)p(y)dy and thus Bayes’ rule.

Similarly, when given a forward CMO Cxy : H; — H; and a symmetric oper-
ator Cyy : Hy, — H, on its conditioned variable which specifies a joint C'xy =
CxyCyy, we seek a backward operator Dy x : Hi — H, and a symmetric op-
erator Dxx : Hr — Hj that would yield the same joint Dy xDxx = Cyx =
(Cxy)" = (CxjyCyy)". Without further requirement we see that Dy |y = C'gqy
(5.7) and Dxx = Cy is one solution. It is only when applying Cxy on both
sides, requiring the assumption of theorem 5.8, that we have Dy|x = Cy|x and
Dxx = Cxx and thus a nonparametric Bayes’ rule.



Bayesian Deconditional Kernel Mean Embeddings 133

TABLE 5.1: Empirical estimators for~DMO and KBR. We use the shorthand
A:=(L+n\)"'L and D := diag(Al).

Method Joint Operator Evidence Operator Posterior Operator Computational Form
Cxy Cxx or C Cyx or CX‘Y Cyx or C’;(‘Y
DMO CxpyCyy  CxpCOyy(Cxiy)” (Cxy)T(Clyy +el)™! U[ATK A+ mel] " ATOT
DMO(W) (Z*X‘yéyy CxyCOyy (Cxiy)T (Cxy)T(Clyx +€l)™! VAT [KAAT 4 mel] " @7
KBR(a)}I  CxyCyy Cxx|yiiy (Cxy)T(Cxx +el)™? JAT [KD +mel] o7
KBR(a)-11 CX‘yny Cxxyfiy (Cxy)"(Coy +el)'Cxx WAT[(KD)? + m2I]” K D®"
KBR(b)-I  Cxypyiiy Cxxyity (Cxy)T(Cxx +€el)™ \IJD[KD +mel] @7
KBR(b)-H éxy|yﬁy CA’X)qyﬂy (C ) (CXX + GI) 1CXX \I’D[ KD +m 6[] KD(I)T

5.7 Connections to Kernel Bayes’ Rule

Bayesian inference often requires computation of the posterior Py|x when given

the likelihood Px|y and the prior Py. When density evaluations exist, the Bayes’
wa(z\')PY(')
Sy px )y (@ly)py (v)dy

rule provides their relationship as py|x(-|z) =

Nevertheless, several levels of intractability may arise. The first is when both
likelihood and prior density evaluations are tractable but the evidence integral
fy px|y(x|y)py (y)dy is intractable, leading to literatures such as VI [Blei et al.,
2017] and MCMC [Hastings, 1970]. The next is when only likelihood evaluations
are intractable but sampling is possible, leading literatures such as LFT and ABC
[Marin et al., 2012]. More rarely, only prior evaluations are intractable but avail-
able via sampling, leading to literatures in implicit priors. The last is when both
the likelihood and prior evaluations are intractable but available via sampling,
leading to newer literatures such as implicit generative models.

While there are many approaches that addresses posterior approximations in each
of these scenarios, the underlying limitation that is shared across all these settings
is that Bayes’ rule requires density evaluations that are difficult to approximate in
high dimensions from samples. Instead, if relationships between the posterior, like-
lihood, and prior can be captured without using density evaluations, but directly
by using samples, this issue could be more naturally sidestepped. Both DMOs
and KBR provide such a nonparametric Bayes’ rule. This is especially useful for
performing inference on implicit models such as those expressed as simulators,
since implicit distributions generate samples directly.

DMOs have strong connections to KBR. Both provide a nonparametric Bayes’ rule
under the KME framework. In contrast to DMOs where both likelihood and prior
operators are of second order, both KBR(a) and KBR(b) [Fukumizu et al., 2013,
Song et al., 2013] use a third order likelihood mean operator Cx x)y and a first
order prior mean embedding py for the evidence mean operator Cx x = Cx x|y fy-
KBR(b) further uses a different third order likelihood mean operator C'xyy for
the joint mean operator Cxy = Cxyypy. Consequently, KBR becomes sensitive
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TABLE 5.2: Degenerate case for empirical estimators when € = 0
DMO(W) KBR(a) KBR(b)
VAT[AAT] ' K107 UATD K197 WK 19T

to inverse regularizations and effects of prior samples y can vanish. For instance,
when € — 07, KBR(b) degenerate to Cy|x = VK '®” which is a CMO that no
longer depend on y. Instead, DMOs degenerate to é;qy = WAT[AAT] KT
retaining their original structure.

Importantly, it is only when DMOs and KBR are viewed as a statement of the
relationship between X and Y that they are seen as nonparametric versions of
the Bayes’ rule. However, DMOs and KBR are not Bayesian models with respect
to the task of inferring deconditional mean or conditional means. This is because
both models only infer point estimates for the deconditional or conditional mean,
and no measure of uncertainty in the inferred function is provided.

Table 5.1 compares all four forms of KBR [Song et al., 2013] with DMO. This
table illustrates the different ways each method estimates the joint and evidence
operators from likelihood and prior operators, the type of regularization used for
inverting the evidence operator, and the final computational form. For KBR, (a)
and (b) differ in the joint operator, and I and II differ in the type of regularization
used for inverting the evidence operator. Via the Woodbury identity, for DMO we
also show an alternative computational form DMO(W) that better illustrate its
contrast with KBR(a)-I and KBR(b)-I. Note that unlike the four types of KBR,
DMO(W) is the same model as DMO, just with a different computational form.

In particular, the diagonal matrix D := diag(A1l) arises from the use of third
order operators. This can make estimators sensitive to regularizations on inverse
operators. This is best seen in the degenerate case of € — 0, shown in table 5.2,
where for KBR(b) the effect of y vanishes, even though e does not correspond to
regularizations from the prior.

Furthermore, the original computational form of DMOs involves the inverse of a
positive definite matrix. This however is not true for KBR(a) and KBR(b) since
KD is not symmetric and thus the resulting matrix to be inverted cannot be
positive definite. For KBR(b), by using D = D2D3 and the Woodbury iden-
tity, KBR(b)-I and KBR(b)-II can be written in forms with symmetric matrix in-
verses as Cy|x = WD [D3 K D3 +mel] ™ D2®” and Cy|x = WD [D* K DK D3 +
m2el ] DK DOT respectively. However, it is difficult to interpret this form.

Finally, similar to theorem 5.9, for the other degenerate case where m =n, y =y,
and A — 0%, all estimators revert to a CME Cy|x = V(K + nel)'®T.
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5.8 Further Connections

Viewing KMEs as regressors provides valuable insights and interpretations to the
framework. CMOs can be established as regressors where the vector-valued tar-
gets are also kernel induced features [Griinewélder et al., 2012]. In contrast, we
establish DMOs as solutions to task transformed regressors which recover latent
functions that, together with a likelihood, governs interactions between three vari-
ables.

The T'TR problem describes the setting of learning from conditional distributions
in the extreme case where only one sample of x; is available for each y; to describe
p(zly). Dual KMEs [Dai et al., 2017] formulate this setting as a saddle point
problem, and employ stochastic approximations to efficiently optimize over the
function space. However, without connections to Bayesian models such as T'TGPs
that admit a marginal likelihood, hyperparameter selection often require inefficient
grid search.

Hyperparameter learning of marginal embeddings have been investigated by plac-
ing GP priors on the embedding itself to yield a marginal likelihood objective
[Flaxman et al., 2016]. However, it is unclear how this can be extended to CMEs.
Our marginal likelihoods (theorem 5.7 and theorem 5.10) provide such objective
for DMEs and, due to theorem 5.9, it can also be applied to CMEs as a special
case.

5.9 Applications and Experiments

While DMEs are developed to complement the theoretical framework of KMEs,
in this section we describe and demonstrate some of their practical applications
with experiments.

5.9.1 Hyperparameter Learning for TTR

We first illustrate in figure 5.3 the TTR problem, the primary application of
TTGPs and DMEs. While X and Y are multivariate in general, we use 1D
examples to enable visualizations. Although this is a 1D problem, the simula-
tion process p(z|y) and observation process p(z|y) are governed by non-trivial
relationships where successful recovery of f requires dealing with difficult multi-
modalities in p(y|x). To generate the data, we choose non-trivial functions r and f
and generate X; = r(Y;) +n; and Z; = f(r(Y;) 4+ ;) +&;, where Y;,Y; ~ U(—6,6)
and 7;,7;,& ~ N(0,0.25%) for all i € {1,...,n} and j € {1,...,m}. In this



Bayesian Deconditional Kernel Mean Embeddings 136
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FiGure 5.3: Illustration of latent function recovery with a task transformed

Gaussian process (TTGP) on non-trivial simulation and observation processes

p(z|y) and p(z|y). (Left) The simulation process p(x|y). (Center) The observa-

tion process p(z|y). (Right) The true latent function f, the naive solutions using

cascaded regressors and imputed data, and the mean and uncertainty bounds of

the TTGP, also the Bayesian DME, with initial and learned hyperparameters.
All bounds are 2 standard deviations from the mean.

way, p(xly) = N(z;r(y),0.25%), p(z|z) = N(z; f(x),0.25?), and E[Z]Y = y| =

E[f(r(y) + 1) + £ = E[f (XY = y].

By optimizing the marginal likelihood in theorem 5.7 (3), we see that the DME is
able to adapt from its initial hyperparameters to learn the latent function accu-
rately.

We compare this to two naive solutions that one may propose when faced with a
TTR problem. The cascade method trains separate regressors from X to Y, with
the transformation set, and from Y to Z, with the task set. They use the former
to predict y* from z* and the latter to predict z* from y*. The impute method
trains a regressor from Y to Z with the task set and predicts zg. at locations
y, and trains a regressor on the dataset (X,Zgke) to predict z* from a new x*.
We use GPR means (KRR) for all such regressors. Both methods suffer because
uncertainty propagation is lost by training regressors separately. The cascade
method suffers further because p(y|x) is usually highly multi-modal such as in this
example, so unimodal regressors like GPR from X to Y are unsuitable. This also
highlights that while DMEs provides unimodal Gaussian uncertainty on function
evaluations and thus Z, they capture multi-modality as a nonparametric Bayes’
rule between X and Y.

5.9.2 Sparse Representation Learning with TTGP

A special case of the TTR problem is to learn sparse representations for big data
with trainable inducing points. Continuing with the notations used so far, we are
given a large original dataset (y,z) of size m, with inputs Y and target Z. We
let the transformation dataset be a set of n inducing points x = y = u for Y
where n << m. That is, we degenerate to X = Y and X = ). We maximize
the alternative marginal likelihood in theorem 5.7 (4) with respect to the inducing
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4 True Generating Gaussian Process DME-TTGP: Random Representation =~ DME-TTGP: Learned Representation =~ DME-TTGP: Learned Representation
x X XX X X X x x X X X x x X

With hyperparameters learned jointly With true hyperparameters
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® True Representation ---- True Function - Generated Data x  Sparse Representation —— Model

FIGURE 5.4: Sparse representation learning on a dataset of 100 points generated

by using the toy process from Rasmussen and Williams [2006] as ground truth.

(Left) The true function, represented exactly by a GP mean using 5 points. (Left

Center) DME using 5 random points. (Right Center) DME with the 5 points and

all hyperparameters learned jointly via its marginal likelihood. (Right) DME

with the 5 points learned via its marginal likelihood under true hyperparameters.
The vertical position of sparse representations has no meaning.

points and learn the TTGP hyperparameters jointly. For predictive mean we use
the alternative computational form in definition 5.7. Similar form exists for the
covariance. These alternative forms are suitable for this application because n is
small for its O(n?) inversions and dependence on m is only O(m). We illustrate
this process in figure 5.4.

5.9.3 Automatic Likelihood-Free Inference with DME

As a nonparametric Bayes’ rule, DMEs can be used for LFI [Marin et al., 2012]
where likelihood evaluations are intractable but sampling from a simulator x ~
p(x]0) is possible. The simulator takes parameters @ and stochastically generates
simulated data that are often summarized into statistics x. Observed data are also
summarized into statistics y, and discrepancies with x are often measured by an
e-kernel k(y,x) = pc(y|x) such that p.(y|@) = [ p(y|x)p(x|0)d6. This € is not
to be confused with the regularization used for C y, which we denote as § for this
section only. After selecting a prior p(@), the goal is to approximate the posterior

p(0]y).

Translating notations into the LFI setting, we have z; — x;, y; — 0;, §; —
6,, and x — y. We first simulate x; ~ p(x|6;) on parameters {6,}7, ~ m(0)
not necessarily from the prior to get {6;,x;}", for the likelihood, and sample
{éj}gnzl ~ p(@) for the prior. We then build the DME fig|x—y and sample it with
kernel herding [Chen et al.,; 2010] for posterior super-samples. This is described
in algorithm 4.

Crucially, leveraging the insights gained from the KELFT framework, we can ap-
proximate the MKML empirically using prior samples and use it as a hyperparam-
eter learning objective for DMEs in the context of LFI. Recall that the MKML
approximates the marginal likelihood of the overall inference problem. We provide
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Algorithm 4 Deconditional mean embeddings for likelihood-free inference

1: Input: Data y, simulations {0;,x;}!" ; ~ p(x|@)7 (@), prior samples {ONJ}Tzl ~

p(8), query points {0; M kernels k, ke, £, and {', regularization A and §

L« {0(6:,6;)};55,, L < {06:,6;)};55,

A<+ (L+nX)7IL, L+ {0(8;,0:) 5,

K= {k(xi, %))}t k(y) < {k(xiy)Fin

DME: p « (L)TAT[KAAT + méI] " 'k(y) € RE

for s € {1,...,5} with a +— 0 € R¥ initialized do
0, « 0. where 1* < arg max, ji, — (a,/s)
a<—a+{0(0:,0,)},

end for

Output: Posterior super-samples {6,}5_,

. Learning: ¢ <+ mean(ATk.), ke < {k(y,x;) ",

—= =
= O

such an approximate marginal likelihood objective ¢ to maximize for hyperparam-
eter learning of the DME in line 11.

Theorem 5.10 (Approximate Marginal Likelihood for LFI). Assume k(y,-) €
Hy. and that O)qe is a bounded operator for all n. Denote k.(y) = {k(y,x;)}1y
and 1,, = {1}, then q(y) := (K(y, -),CA’X@[L@}H,c = LrT AL, is an estimator
to the marginal likelihood p.(y) and converge at Op(m_% + (nA)"2 + A2).

In a similar fashion to KELFI, to satisfy k.(y, ) € Hg, we use k(y, X) = p(y|x) =
N (y;x,€*I) and Gaussian kernel for k with length scale €, so that k. is just the
normalized version of the reproducing kernel k.

Importantly, while the approximate marginal likelihood g(y) depends on the hy-
perparameters of the kernels k and ¢ and the regularization A, it does not depend
on €. At first, it seems that this objective cannot help us learn e. Fortunately,
due to points (4) and (5) of theorem 5.7, we have that a good proxy for setting
€ once A is learned is € = A, Nevertheless, for simplicity in our experiments we
optimize all kernel hyperparameters and keep the regularization hyperparameters
fixed, which has already achieved sufficiently accurate results.

Figure 5.5 demonstrates algorithm 4 two standard benchmarks, exponential-gamma
problem and the Lotka-Volterra problem, adding onto the experimental results of
section 4.9.

5.9.3.1 Exponential-Gamma

The toy exponential-gamma problem is a standard benchmark for likelihood-free
inference, where the true posterior p.(8|y) is known and tractable even for ¢ = 0.
We follow the experimental setup described in section 4.9.1.
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Lotka-Volterra: Approximate Posteriors

Exponential-Gamma: Approximate Posteriors
>
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FIGURE 5.5: Application to LFI. (Left) Approximate posteriors under kernel

based LFI methods for the toy exponential-gamma problem using 100 simu-

lations. ‘Global’ and ‘Local’ refer to the optimality of model hyperparame-

ters with respect to their respective approximate marginal likelihoods. (Right)

Approximate posteriors of the first (log) parameter. Error bars represent the
middle 95% credible interval.

For the exponential-gamma problem, we compare directly with other kernel ap-
proaches. Of the kernel based methods that we have benchmarked against, K-ABC
[Nakagome et al., 2013], K2-ABC [Park et al., 2016], KBR [Fukumizu et al., 2013],
and KELFT are also LFI methods based on the KME framework. Consequently,
they are very suitable for comparisons towards DME. For all these methods, we
apply kernel herding on their posterior embeddings to get posterior samples, and
plot the approximate posterior density in figure 5.5 (left) using KDE on the pos-
terior samples. In contrast, GPS-ABC [Meeds and Welling, 2014] has its own
adaptive MCMC based sampling algorithm. We set a simulation budget of 200
simulations and run it until either 10000 posterior samples are generated or the
simulation budget is reached.

For hyperparameters, we used standard median heuristic for K-ABC, K2-ABC,
and KBR. In contrast, DME and KELFI have their own marginal likelihoods for
hyperparameter learning. For both cases, we find global and local optimums of
the marginal likelihood for the hyperparameters and show their results, empha-
sizing that maximizing the marginal likelihood objective produces better infer-
ence results. The hyperparameters of the GP surrogate itself used in GPS-ABC
are learned by maximizing the marginal likelihood of the GPR [Rasmussen and
Williams, 2006]. However, for hyperparameters of GPS-ABC that are not part
of the surrogate, we select them based on the original paper [Meeds and Welling,
2014]. We then report its best two results.

As simulations are usually very expensive, we show the case with very limited
simulations (n = 100), leading to most methods producing posteriors wider than
the ground truth. Nevertheless, by optimizing ¢ in line 11, DMEs can adapt their
kernel length scales accordingly.
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5.9.3.2 Lotka-Volterra

The Lotka-Volterra simulator describes the population dynamics of a well known
predator-prey system. For most parameters, the simulation produces chaotic be-
havior. Realistic scenarios with oscillatory behavior appears only for a small set
of parameters. Consequently, inference on this simulator is extremely challenging.

We follow the setup described in section 4.9.3. There are 4 parameters and 9
normalized summary statistics. We place the same uniform prior on the log pa-
rameters and use the same ground truth parameters. After performing inference
on all four parameters, we similarly show in figure 5.5 (right) the marginal poste-
rior distribution for log #; in the same format as Papamakarios and Murray [2016]
and Tran et al. [2017a)].

For KBR [Fukumizu et al., 2013], KELFI, and DME, we again sample their poste-
rior mean embeddings with kernel herding to get 10000 posterior samples. Finally,
to compute the 95% interval, we compute the empirical 2.5% quantile and 97.5%
quantiles on marginal samples of log#; from the 10000 posterior samples. For
MDN [Papamakarios and Murray, 2016] and the two LEVI methods [Tran et al.,
2017a], we report the results from the original source, as well as their results for
REJ-ABC, Markov chain Monte carlo ABC (MCMC-ABC), and SMC-ABC.

For Lotka-Volterra, the ABC methods used more than 100000 simulations, while
MDN used 10000 simulations. To achieve competitive accuracy, kernel approaches
such as DMEs, KELFI, and KBR used 2000, 2500, and 2500 simulations.

5.10 Summary and Future Work

The connections of DMEs with CMEs and GPs produce useful insights towards the
KME framework, and are important steps towards establishing Bayesian views of
KMEs. DMEs are novel solutions to a class of nonparametric Bayesian regression
problems and enable applications such as sparse representation learning and LFI.

There are multiple possible dimensions for future work. From section 5.6, relaxing
assumptions required for DMOs as a nonparametric Bayes’ rule can have fruitful
theoretical and practical implications. From section 5.5, the formulation of the
TTR problem is general and open doors to more development. In this work we
posited linear models or RKHS solutions to the T'TR problem to obtain variants of
the DME. Nevertheless, there is potential for using the TTR losses to train other
model architectures, such as neural networks. Furthermore, just as sparse repre-
sentation learning is a special case of the T'TR problem, supervised dimensionality
reduction could possibly be achieved in the special case when X has much lower
dimensionality than Y, and is worthwhile to investigate.
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5.11 Supporting Proofs for Section 5.3

Proof of Theorem 5.1. Let f € H; and g(y) := E[f(X)|Y = y|. Assuming
g € Hy, then Cyyg = Cyx f [Fukumizu et al., 2004}, so that

g=CyyCyxf
= ((Cyx)"Cyy)' f (5.13)
= (CxyCyy)" 1,

where the inverse Cyy exists because £(y, -) is assumed to be in the image of Cyy

so that any g € H, is also in the image. Hence, CxyCyy satisfies the definition
of a CMO. [

Proof of Lemma 5.1. Each of the following statements are equivalent to each
other.

(Cxp)"f=E[f(X)[Y =], VfeH,
= Uy, "), (Cxy)" P, = (Lly, ), EF XY = D,, VfE€Hr Yyed
= (Cxyl(y, ), Hu, =E[f(X))Y =y], VfeH, VYyel
= (Cxply,"), Hu, = EFRX )Y =y], u,, VfEHy, VYyel
> Cxyl(y,) =ER(X, )Y =y], Vyel.

(5.14)
Consequently, the first and last statements are equivalent. O

Proof of Theorem 5.2. We show that the empirical CMO can be written as
(5.5). We use a special case of the Woodbury identity [Higham, 2002}, B(CB +
A)™! = (BC + M)7'B, where B and C are appropriately defined operators,
such matrices with the correct shapes. Using the empirical forms for the cross-
covariance operators, we have

éx|y = éxy(éyy + )\I)_l

1 1
= — ol (—wuT 4 A1)}
n n

= U (VU7 + nAT)"! (5.15)
= QoUW +nAI) 10T
= ®(L +nA) 1wl
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5.12 Supporting Proofs for Section 5.4

Proof of Theorem 5.3. Let f € Hy and g(y) := E[f(X)|Y = y|, then from
definition 5.2 we have

g= (CX\Y)Tf
Cxyg = Cxy(Cxy)" f
CxyCyyg = CxyCyy(Cxiy)" f (5.16)

(CxiyCyy (Cxpy)") ' CxpyCyyg = f
(Cxpy Cyy) " (Cxy Cry (Cxiy)) g = f,

T)=1 exists because Cxyg € Hy and k(z,-) €
image(Cx|yCyy (Cxjy)") so that Cxyg for any g € H, is also in the image. In
the last line we also used the fact that (CxpyCyy(Cxpy)T)? = CxpyCyy (Cxpy)"
is symmetric since (Cyy)? = Cyy. Hence, (Cx)yCyy)T (Cx)yCyy (Cxy)") " sat-
isfies the definition of a DMO. The assumption £(y,-) € image(Cyy) is required

where the inverse (Cx|yCyy(Cxy)

so that the original CMO exists and is unique. ]

Proof of Theorem 5.4. Since {(y,-) € image(Cyy) for all y € Y and k(z,-) €
image(CxyCyy (Cxjy)") for all z € X, we have that Cyy exists so that Cxyy is

unique and (C|y Cyy (Cxjy)") " exists so that C'|y 1s unique. Due to theorem 5.3

we have O;(\Y = (Ox‘yCYy)T(C)ﬂyCYY(Ox‘y)T)_l. Since CX‘yOyy(C)qy)T is at

least positive semi-definite and invertible we can write (CxyCyy(Cxy)")™! =

lim, o+ (CxyCyy (Cxpy)T + €)1,

Cyyy = El_i)r(%_(CX|YCYY)T(CX\YCYY(CXW)T +el)™
= El_i)HO1+(CX|YCYY)T<CX\Y(CX|YCYY)T +el)!
_ 1331 (Cxy) " (Cxpy (Cxy)" +€el)7!
= 61_13(1)1 Cyx(CxyCyx +el)™

= hm CYXCX|Y+‘5[) CYX

= hm CYYCYYCYXCX|Y+€CYYny) ICYX (517)

= GliI(I)L C nyc)qy + GCYY) 10;51/03/)(
(CxyCyy) Cxpy + €Cyy) N (Cxy Cyy)"
(Cxiy) Cxpy + €Cyy) " (Cxpy)T

= ((Cxp) Cxpy) H(Cxpy)" = CX\Y

) (
)
= hm L (Cyy CyxCxpy + €Cyy) ™' Cry Oy x
(
) (
) (
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In line 6 we used the Woodbury identity [Higham, 2002]. In the last line, the limit
exists as ((Cx|y) Cyy) ™" exists. O

Proof of Theorem 5.5. We show that the empirical DMO can be written as
(5.10). From definition 5.3 and theorem 5.2, the likelihood operator is estimated

from {z;, y;}I, as
Cxpy = Cxy(Cxx + M)t = (L 4 nA) " 0T, (5.18)

The prior operator corresponding to the marginal Py is estimated from {g;}7, as
- .
Cyy = —WVU". (5.19)
m
Let A := (L +n)I)~'L, the joint operator is estimated as

CxyCyy = icI>(L + )Tt = icb(LJrnM)*leT _ Loair (5.20)
m m m

The evidence operator is estimated as

. ~ A 1 -
Cxy Cyy (Cxpy)" = E(I)(L + AT LU (L + nA ) T

1 ~ ~
= E<1>(L +n\) T LLT(L +nA) 7' o7 (5.21)

1
= —DPAATPT.
m

Finally, by definition 5.6, the DMO is estimated as

X|YOYY)T<OX\YC’YY(6X|Y)T +el)™!
-1

T
@A@T} [lMAT@T + el]
m

1

= [(I)A@T]T [@AATOT + mel]” (5.22)
= VATOT [DAATDT 4 mel]

= U[ATOTOA + mel] " ATHT

= U[ATKA+mel] AT,
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5.13 Supporting Proofs for Section 5.5

Proof of Theorem 5.6. Each optimization is a standard regularized least squares
problem. The first optimization over v can be written as
viw] = argmin |®"w — UTv||> + nA||v|?, (5.23)
vERY
where f = ®Tw is the target and ¥ is the feature matrix. This gives the solution

v[w] = (WUT + nAI) 1 (OTw). Therefore, The second optimization over w can

be written as

w = argmin ||z — U7V [w]||> + me|w]?
weRP
= argmin ||z — U7 (UUT + n ) 0O w2 + me||w]|?
weRP
5.24
— argmin ||z — AT®Tw||? + me||w|? (5-24)
weRP

= argmin ||z — O w||* + me||w|?,
weRP
where we used A = UT(WUT 4 pAI)~'¥ as per definition 5.8 and we define
O := ®A. This is now a regularized least squares problem with z as the target and
O := ®A as the feature matrix. This gives the solution w = (00T + mel)~10z =
(PAATDT + mel)"'® Az, which yields the parametric DME estimator in defini-
tion 5.8. [

Proof of Lemma 5.2. We first establish that the transformation matrix in def-
inition 5.7 A = (L + nAI)"'L is the same as the transformation matrix in defi-
nition 5.8 A = T (VUT + pAI)~'¥ via a special case of the Woodbury identity
B(CB +4I)™' = (BC + §I)™' B for appropriately sized matrices or operators B
and C [Higham, 2002]. Consequently, (L + nA)"'L = (U7 + pAl)" 0T =
T (WUT 4 pA) 1.

From definition 5.7 we have & := A[ATKA + mel] ~'Z so that
da = PA[ATKA + mel] 'z
= ®A[ATOTDA + mel] 7
= [0 AAT®T + mel] " ®AZ

= W.

(5.25)

This relationship is a direct consequence of the kernel trick, where we used k(z,z’) =
é(x)T¢(x') such that K = &7 . O
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Proof of Theorem 5.7 Part 1. In this proof we provide the derivations for
task transformed Bayesian linear regression (TTBLR). We first reiterate the priors
and likelihoods used.

Priors We first place priors on the weights of our linear models g(y) = vI(y)
and f(z) = w'¥(z),
p(v) ~ N(v;0,5°I),

p(w) ~ N(w: 0,21). (5:26)

Likelihoods As we only observe from ¢ and never from f directly, there is no
need to add noise from f(z) to z and we degenerate the likelihood to z = f(x).
The likelihood for g is the regular Gaussian likelihood due to observational noise.
Together, we have

Palv) = NV 0(y). 0%, 5m
p(zlw) = N(z;w" é(z), 0).
Prior for ¢ The prior on the weights of g is
p(v) = N(v;0,51). (5.28)

Likelihood for g In task transformed learning, the pairs (y, z) are used to learn
g, and (y,z) are the query points for g. Although z is not directly available, they
are propagated through from f. We also refer to z as the pseudo-training targets.
This leads to the following likelihood,

N(z; ¥'v,o%1),
p(z|v) = N(z;9Tv, 0°I).

=

N

=
I

(5.29)

Marginal Likelihood for ¢ The marginal likelihood of observing the pseudo-
training targets z is

mm:mewa
= N(z;0, 82070 + o21).

(5.30)

Posterior for ¢ The posterior of the weights given the pseudo-training targets

p(z|v)p(v)
(

Z 18
p(v]z) = ——"——

p(z)
:/\/( (\WT o ) lxpz o2 (q/qu+ 1>1>
B2 ’ 32 '

(5.31)
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Predictive distribution for ¢ The posterior predictive distribution of z given
the pseudo-training targets z is

plala) = [ plaviplviz)av

~ -1 ~ 2 —1 ~
= N(z; ATz, %),
where A = UT(0WT + g—zl)_lﬁl and ¥ = o207 (U7 4 g—zf)_l\if Yy

Importantly, the MAP solution for learning g amount to just taking the posterior
mean v = (WUT + 2—51)*1\I/z as a point estimate. In this case, the predictive
covariance would simplify to ¥ = o1I.

Prior for f The prior on the weights of f is

p(w) = N(w;0,7%]). (5.33)

Likelihood for f As targets z are never directly observed from f, the likelihood
is a noiseless Gaussian likelihood,

p(z|lw) = N (z; ®"w,01),

N(z*; (®*)T'w,01). (5:34)

w)
Propagating this likelihood through the predictive distribution of g, we have

paiw) = [ p(alm)plaiw)ds
= N(z; AToTw, 2).

(5.35)

The above prior-likelihood pair describes a TBLR with M = A = 0T (0¥T +
g—;[)_l\if as the transformation matrix and ¥ = o0 (W’ + g—j[)_lli/ + 0%I as
the noise covariance. As such, the remaining distributions exhibit the same forms
as shown in table 5.3.

Marginal Likelihood for f The marginal likelihood for the observed targets z
is

p@) = | plaiwplw)aw
RP
= N(z;0,7AT0TdA +Y)
=N(z;0,[2' =2 tATeTCOAR YY),

(5.36)
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TABLE 5.3: Summary of TBLR and TBKR, where we define the shorthand
S:=MTKM+%,C:=[dMS*MToT + 7LQI]—l, and m := COMY !z,

Density Transformed Bayesian Linear Regression Transformed Bayesian Kernel Regression

Prior p(w) = N(w;0,+?) p(f) = N(f;0, K)

Likelihood p(zlw) = N(z; MT®Tw, %) p(z|f) = N(z; M, %)

Evidence p(z) = N(z;0,[S7! — S ' MTOTCOME ) p(z) =N (2,0, MTKM + %)

Posterior p(w|z) = N(w;m, C) p(f|z) = N(f; KMS~'z, K — KMS'MTK)
Predictive p(z*)z) = N(z*; &*"m, &*TCD*) p(z*|2) = N (2% K*TMS—'%, K — K*TMS-'MTK*)

where C' = [PAXTTAT®T + 1]~ The last line is an alternative form that is
more computationally efficient when the number of features is less than p < m
where p is the dimensionality of the feature ¢(z) for f.

Posterior for f The posterior of the weights w given the observed targets z is

- _ p(a|w)p(w)
p(wiz) = p(2z) (5.37)
= N(w;m, C),

where m := C®AX 17,

Predictive distribution for f Finally, the overall predictive distribution of
query targets z* given the observed targets z is

p(z*|) = / (e wplwlzdw

= N(z"; &' m, &7 Cd*).

(5.38)

Consider the posterior mean m := C®AX ™'z = [PANTATOT 4 S 1]71OMY "7,
which would also be the MAP solution for f. Using the MAP solution for learning
g such that ¥ = 021, we have m := [PAAT®T + ‘;—;]]*1(13/12. This is the same form

as the weights W of the parametric DME estimator (definition 5.8) with A = 7;‘—;2
O

o2

and € = Z.
mry
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Proof of Theorem 5.7 Part 2. In this proof we provide the derivations for
task transformed Bayesian kernel regression (TTBKR), also named task trans-
formed Gaussian process regression (TTGPR), whose graphical model is provided
in figure 5.2. We first reiterate the priors and likelihoods used.

Priors We place GP priors on the functions g and f directly,

g9~ GP(0,0),

(5.39)
f~GP(0, k).

Likelihoods As we only observe from g and never from f directly, there is no
need to add noise from f(z) to z and we degenerate the likelihood to z = f(x).
The likelihood for g is the regular Gaussian likelihood due to observational noise.
Together, we have

plzlg) = N(zg(y). o®), (5.40)
p(zlf) = N(z; f(x), 0)
Prior for ¢ The prior of g at y is
p(g) = N(g;0,L). (5.41)

Likelihood for g In task transformed learning, the pairs (y, z) are used to learn
g, and (y,z) are the query points for g. Although z is not directly available, they
are propagated through from f. We also refer to z as the pseudo-training targets.
The likelihood of observing z at y is,

p(zlg) = N(z; g, 0°1). (5.42)

Marginal Likelihood for ¢ The marginal likelihood of observing the psuedo-
training targets z is:

pe) = | plalg)nie)d
= N(z;0, L + o).

(5.43)

Posterior for ¢ The posterior of the latent function evaluations g at y given
the pseudo-training targets z is

p(z[g)p(g)
p(z) (5.44)
=N(g; L(L+ 0*I) 'z, L — L(L + o*I)"'L).

p(glz) =
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Predictive distribution for g To obtain the predictive distribution, we first
condition the GP field for on the latent function evaluations g at y and to obtain
the conditional distribution for g at y given g at y,

p(glg) =N(& L"L'g, L — L"L'L). (5.45)

where L := 7. Now, marginalize the conditional field against the posterior,

(5.46)

el = | plelenelz)ds
= N(g; LT (L + 0*1) 'z, L — L" (L + 0*I)7'L)

Finally, marginalize the likelihood p(g|z) with the predictive distribution of the
latent evaluations g to get the final predictive distribution of the observations z,

le) = | plal@n(aie)de

= N(z; L' (L + o*I) 'z, L+ 0% — LT(L+¢’1)7L)
=N(z A"z, %),

(5.47)

where A = (L4 ¢*I)"'L and ¥ = L+o% - LT(L + o%1)~'L.
Importantly, the MAP solution for learning g amount to just taking the poste-
rior mean § = LT (L + 0%I)~'z as a point estimate. In this case, the predictive
covariance would simplify to ¥ = o1.
Prior for f The prior of f at x is

p(f) = N(£;0, K). (5.48)

Likelihood for f As targets z are never directly observed from f, the likelihood
is a noiseless Gaussian likelihood,

p(z|f) = N(z; f,0I). (5.49)
Propagating this likelihood through the predictive distribution of g, we have

ait) = [ plaia)plalt)ds
= N(z; ATf)Y).

(5.50)

The above prior-likelihood pair describes a TBKR with M = A = (L + 02I)7'L

as the transformation matrix and ¥ = L 4 0*I — LT(L + ¢*I)~'L as the noise
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covariance. As such, the remaining distribution exhibit the same forms as shown
in table 5.3.

Marginal Likelihood for f The marginal likelihood for the observed targets z
is

p@) = [ plalt)pe)it
=N(z0,ATKA+Y).

(5.51)

Posterior for f The posterior of the function evaluations f at x given the
observed targets z is
. p(z|f)p(f
pelz) = L2
p(z) (5.52)
=N({; KAATKA+ %) "2, K — KA(ATKA+ %) T ATK).

Predictive distribution for f Finally, to obtain the predictive distribution
we first condition the GP field on the latent function evaluations f to obtain the
conditional distribution for f* at x* given f at x.

p(F*|f) = N(F; (KT K, K** — (K*)T K1 K™). (5.53)

Now, marginalize the conditional field against the posterior,

WD) = [ el

=N (KNTAATKA+ )12, K — (K)TA(ATKA + X)) TATK™).
(5.54)
Finally, the overall predictive distribution of query targets z* given the observed
targets z is

pale) = [ ol e

= N(z*; (K)TA(ATKA+ %) 'z, K — (K*)TA(ATKA + %) T ATK™).
(5.55)

Consider the posterior predictive mean at a particular query point z, f(z) =
(k(x)TA(ATKA+X) 'z = 2" (ATKA + X) ' ATk(z). Using the MAP solution
for learning g such that ¥ = 021, we have f(z) = zT(ATKA + o21)7'ATk(x).
This is the same form as the nonparametric DME estimator (definition 5.8) with
A=Zande=2 ]

a-
poogh
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5.14 Supporting Proofs for Section 5.6

Proof of Theorem 5.8. We first factorize the joint operator Cyx = (Cxy)? in
both directions,

CyixCxx =Cyx = (CXY)T = (CX|YCYY)T = CYY(CX\Y>T~ (5.56)

This is analogous to the equation p(y|z)p(z) = p(y,x) = p(x,y) = p(x|y)p(y) =

p(y)p(zly).

Since Cx |y Cy|xCxx = Cxx, we then apply Cx|y on both sides to cancel out Cy|x
and obtain the equation for Cxx,

Cxx = (CxpyCyx)Cxx = Cxy(CyxCxx) = CxyCyy (Cxpy)". (5.57)

This is analogous to the equation p(x fy (y|x)dyp(z fy (y|x)p(x)dy =
fyp (z]y)dy.
Hence,

Cxx = CxpyCyy(Cxyy)" = Cxx. (5.58)

Finally, from theorem 5.3 we have

Cyy = (CxpyCyy) " (Cxiy Cyy (Cxy)") ™ = CyxCxy = Cyx. (5.59)

]

Proof of Theorem 5.9. Since m =n and ¥ =y, we have that L = L, U = .
Consequently, limy_o+ A = limy_o+ (L+nAI)"'L = I. Substituting this into (5.5)

we have
lim, Cyy = lim L U[ATKA +mel]” FATT

A—=0t
= [ITKI +nel] " ITOT (5.60)
= U[K + nel] @
Reversing the roles of X and Y in (5.5) and replacing the notation \ with €, we
have that C’y|X = VU [K + nel| ~'®T. This concludes the proof. O
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5.15 Supporting Proofs for Section 5.9

Proof of Theorem 5.10. Consider the absolute difference between g(y) and
Pe(y),
14(y) = p(y)l < laly) = a(¥) +[a(y) = p(y)l- (5.61)

Where q(y) = (kely, ‘),éx|@,u@>;qk = E[(k(y, -),C’X|@€(@, N, ). The first term
a(y) —a(y)| = [{ke(y, ), Cxjo(fieo — 1e))w.| = {(Cxj0) ke(y. ). (fie — 1e))wu,l
< 1(Cxie) ke(y, ).l (e — 1e) I,

< cll(e — ne)ll,-
(5.62)
for some constant ¢ since @X|@ is a bounded operator for all n. Hence, |g(y)—q(y)|
decays at O(m™2).

For the second term, we have p.(y) = E[p.(y|®)] = E[(rc(y, ), ixj0=0)n:] =
E[(“e()’a ')7OX\(-)€(@7')>H}9]7 Simi{ar to q(y) = E[<KE(Y7')7CX|®£(@a ))Hk] Since
we use bounded kernels, define £ := supg ||((60, )|+, and ke := supy [|k(y, )|, -
The second term becomes

la(y) = pe(y)l = [Eke(y, ), Cx104(©, )] — El{re(y, ), Cxiol(®, )l
< E[[{re(y.-). Cx104(©, )3, — El{re(y, ), Cxiol(®, )]
= E[[{re(y ), (Cx|@ — Cx10)l(©, )3, ]
< E[l5e(y. )/l (Cxie = Cxi0)UO. ) 2,]

Ike(y, ) Elll(Cxie — Cxi@)4(O, ) [l2]
RE[|(Cxjo — Cx0)l(®, )|z,

RE[|Cxie — Cxjollusl€(®©,)|In,]

ReE|

[

| /\

ICxje — CxiollusV/((©, ©)]

ENWV((©,0)]||Cxje — Cxjollus
E[ ]HOX\G - CX\@HHS

= il||Cxje — Cxjo|las-

I
=

(VAN
E\

(5.63)
Hence, in the worst case |¢(y) —p.(y)| decays at the rate |Cxje —Cxje||ms decays,
which is O,((nA)~2 + A2). Together with the first term, we have the claimed
convergence rate.

Finally, the empirical form is obtained from substituting the empirical forms
for the likelihood CMO and prior embedding, q(y) = (ke(y,:), Cxjefio)n, =
<'Lie(y7 ')7 ((I)(L + n)‘[>_1‘IJT)(%\IJ]-m>>Hk = %K’eTAlm L



Conclusion

Learning and inference form the foundation of an intelligent system. Yet, doing so
can be tremendously challenging in the real world, due to the richness and diversity
of our environment. In order to successfully discover and act upon important
relationships in complex systems, we must be careful not to place unnecessary
restrictions on the way we represent our knowledge, despite the simplification it
may bring. In this thesis, we represent conditional relationships with conditional
kernel mean embeddings, and derive frameworks to learn and make inferences with
them to leverage their high representational capacity.

The central theme of this thesis revolves around formulating coherent hyperparam-
eter learning and probabilistic inference frameworks around CMEs using Bayesian
principles. It presents novel frameworks for doing so in three general problem set-
tings — classification (chapter 3), inference (chapter 4), and regression (chapter 5),
painting three different perspectives of this theme. They are motivated by the
core philosophy that Bayesian principles would guide the development of a nat-
ural hyperparameter learning algorithm for the particular probabilistic inference
task, enabling a holistic modeling framework around the CME.

6.1 Themes and Connections

While the frameworks proposed in chapters 3 to 5 are developed in different set-
tings with different formulations and methodologies, there are overarching themes
and connections between them. In this discussion, we explore these connections
by focusing on different aspects of the framework.

The core advantage of developing frameworks that leverage CMEs is that it al-
lows for extremely flexible nonparametric representations of conditional distribu-
tions without assuming any particular parametric form. Consequently, in all three
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chapters, CMEs enable solutions to their respective problem settings in their most
general and least restrictive form:

e In chapter 3, the resulting classification framework is naturally probabilistic
and multiclass, subsuming the non-probabilistic and binary setting. It also
makes little assumption on the feature maps, enabling a wide range of pos-
sible architectures, from shallow to deep constructions with narrow to wide
layers.

e In chapter 4, the resulting inference framework does not require tractabil-
ity in likelihood evaluations, allowing approximate Bayesian inference to be
performed within challenging and intractable settings. This is possible as
our framework form nonparametric representations using only samples.

e In chapter 5, the resulting regression framework is established from mul-
tiple dimensions — from parametric to nonparametric for representation of
features, from non-Bayesian to Bayesian for inference on latents, and from
non-transformed to transformed for observations of targets. The learning
algorithm is general and unifies all these settings.

The three chapters of this thesis leverage Bayesian principles at different levels.
We can describe their differences firstly in terms of the how their hyperparameter
learning algorithms are developed and secondly in terms of how the probabilistic
inference tasks are performed.

Firstly, while all three chapters are motivated by formulating a marginal likelihood
objective for the inference task at hand, the level at which the marginal likelihood
objective aligns with both the inference task and the CME itself increases by each
chapter:

e In chapter 3, the hyperparameter learning objective does not correspond
to any known marginal likelihood, but emulates its desirable properties via
learning theoretic bounds, such as the critical balance between the data fit
error and a data-dependent model complexity. Consequently, in the strict
sense this formulation is not Bayesian, but attempts to emulate Bayesian
consequences using statistical learning theory.

e In chapter 4, the hyperparameter learning objective is a surrogate that
approximates the marginal likelihood of the likelihood-free inference task.
This arises from the realization that conditional kernel mean embeddings
are natural surrogates for likelihood-free models, which can be used for ap-
proximate Bayesian inference problems with intractable likelihoods. Conse-
quently, there already exists a natural Bayesian system from the problem
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setup, which, while intractable, can be approximated by surrogates using
conditional kernel mean embeddings.

e In chapter 5, the hyperparameter learning objective is exactly the marginal
likelihood of the task transformed regression task itself. This is possible as we
introduce, formulate, and establish deconditional kernel mean embeddings as
the natural counterpart to conditional kernel mean embeddings, show that
it solves the task transformed regression problem, and reveal their Bayesian
extensions and connections. Consequently, the marginal likelihood objective
is both aligned to the inference task and the conditional and deconditional
kernel mean embedding themselves.

Secondly, the three chapters also differ in the level of Bayesian treatment the
inference task receives, in part because the hyperparameter learning algorithms
are formulated with respect to the inference task and, as described above, they
differ in the level at which they leverage Bayesian principles:

e In chapter 3, the multiclass predictions are probabilistic, but not Bayesian,
since no uncertainty quantification is performed on latent variables or func-
tions.

e In chapter 4, the likelihood-free inference task is an approximate Bayesian
inference task itself, so uncertainty quantification is performed for simulator
parameters as a core and defining component of the inference task, since
it is the main purpose of this problem setting. However, no uncertainty
quantification is performed on latent variables or functions of the surrogates
themselves, including the conditional kernel mean embedding itself.

e In chapter 5, uncertainty quantification is performed on the solution the
conditional and deconditional kernel mean embedding provides, which gives
rise to uncertainty quantification for the task transformed regression task.
This is enabled by regression perspectives to the estimators that conditional
and deconditional kernel mean embeddings provide.

6.2 Implications and Future Work

This thesis makes advances to our understanding of CMEs and their applicability
through the lens of three cornerstone settings of machine learning — classification,
inference, and regression. In addition to the list of contributions that was intro-
duced in section 1.3, the thesis also makes softer contributions by demonstrating
novel approaches or ideas that could be generalized beyond the frameworks for-
mulated.
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Chapter 3 investigates learning theoretic bounds from statistical learning theory
to establish expected risk bounds for CMEs. Traditionally, expected risk bounds
are specified with respect to a class of functions, instead of specified with respect
to a particular function. In our case, the class of functions are CMEs across a set
of hyperparameter settings, and the particular function is a single CME with one
set of hyperparameter setting. In our proofs, we showed how to construct expected
risk bounds for the latter from the former. The critical element being that the
particular function defines a space of functions via an upper bound. Furthermore,
due to its probabilistic and data-dependent nature, the expected risk bound can
be instantiated with only batch subsets of the data at each iteration instead,
dramatically lowering computational costs. Those ideas by themselves do not rely
on CMEs and can be potentially generalized beyond CMEs.

In our work, we relied on the cross entropy loss and the convergence properties we
proved for the MCE. However, it is conceivable that for other classifiers, potentially
not constructed from CMEs and have different convergence properties, could be
applied in conjunction with a potentially different loss.

Chapter 4 proposes a complete framework for likelihood-free inference (LFT) encap-
sulating model, learning, and inference. While KELFT is an efficient and effective
framework given simulator samples, it has yet to play an active role in choosing
parameter settings to run the simulator and collect samples from. In our discussion
we alluded to the potential of Bayesian optimization techniques via the connection
of the KML to GPR. Alternatively, a sequential strategy may be adopted where
the posterior samples from KELFI serve to be the proposal prior for the next batch
of simulator runs.

Another potential addition to the KELFI framework is to explicitly formulate the
KML to learn or alleviate summary statistics. While we have done this for specific
data formats such as with the iid-KML or the ST-KML, it may be possible to
construct the CME used in the KML from highly flexible function classes such as
neural networks and treat the summary operations as a learnable mapping.

Chapter 5 introduces the task transformed regression (TTR) problem. In our
work, we propose linear and kernel solutions to the task transformed regression
(TTR) problem to obtain variants of the DME estimators, as well as Bayesian
extensions thereof with connections to the TTGP. Nevertheless, it is possible to
posit other families of models or architectures to be trained under the TTR losses
to arrive at solutions other than the standard DME that we propose.

Furthermore, it is possible to generalize the task transformed problem to classi-
fication or other prediction tasks by using a the appropriate loss. We call this
general setting task transformed learning, which in essence transforms the task of
predicting a target from old features to predicting a target from new features when
only pairs between targets and old features and pairs between old features and new
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features are available. The crucial element is not to treat them as a cascaded or
transitive stages of prediction, which as we have shown is ineffective in the TTR
case. Instead, the philosophy is to treat it as two processes from each set of fea-
tures, old or new, to the target, and match them correspondingly for inference to
propagate, with an attention to which variables are latent and which are not. In
the formulation of the TTGP, due to the GP prior and Gaussian likelihoods, this
propagation has closed form solutions. It is thus conceivable that generalizations
to the TTR problem could in general not admit closed form solutions for such
propagations, and approximations would be necessary.

Potential applications of the task transformed learning frameworks include super-
vised dimensionality reduction and learning under missing data. In the former,
the new features have lower dimensionality than the old features. In the latter,
we have three cases depending on the goal — either the old or new features con-
tain missing values and the other is the completed version of it, or both are vary
in what they are missing from the completed version. Evidently, a more formal
problem definition is required to establish the appropriate formulation.

The task transformed learning problem may also bear connections to explore with
transfer learning and meta learning, as they all address learning between or across
tasks.

In summary, Bayesian principles and perspectives to CMEs enable more automatic
and powerful technique for learning and inference. This thesis contributed towards
this goal in three very cornerstone settings in machine learning, and open up
avenues in multiple directions for further investigations.
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